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ABSTRACT

Sharma, Bhisham Ph.D., Purdue University, December 2013. Dynamic Behavior of
Sandwich Beams with Internal Resonators Major Professor: Chin-Teh Sun.

Dynamic behavior of sandwich beams with internal resonators was investigated. The
effect of inserting spring-mass resonators into the sandwich core was theoretically
analyzed and it was shown that a wave attenuation bandgap exists due to local resonance.
Steady state experiments were used to demonstrate such an attenuation bandgap.
Frequency response functions were obtained for a beam with resonators and without
resonators. It was shown that insertion of resonators into the core causes a wave
attenuation bandgap to open up. The experimental results were verified using finite
element simulations. Further experiments were carried out by tuning the resonators at 12
Hz and it was demonstrated that a wave attenuation bandgap can be created at low
frequencies which would help attenuate low frequency periodic loads such as those
associated with hull slamming. The antiresonance phenomenon was experimentally
demonstrated. By inserting local resonators tuned at the first flexural resonance frequency
of the beam, it was shown that the excessive vibrations associated with resonance modes
can be attenuated by inserting local resonators tuned at the global beam resonance
frequency. The behavior of such sandwich beams under impact loads was also considered.
Using finite element simulations, the effect of a chosen local resonance frequency on

xv
attenuating impact loads was analyzed. The behavior of a chosen internal resonator under
different impact loads was also considered. By performing transverse impact experiments,
the finite element models were verified and the advantage of using internal resonators in
impact loading conditions was demonstrated. The effect of resonator periodicity was
analyzed using a phased array method. The propagation constant for a sandwich beam
with internal resonators was obtained by treating the resonators as an array of phase
shifted forces. It was shown that the resonator periodicity causes Bragg gaps in addition
to the local resonance gaps. The effect of resonator parameters on these bandgaps was
analyzed and the relationship between the bounding frequencies and the unit cell mode
shapes was obtained. The interaction between the local resonance bandgap and the
periodicity induced bandgaps was studied. It was shown that a wider combined gap, with
a very narrow passband in between, can be obtained by tuning the local resonators at the
Bragg gap cut-on frequency.
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CHAPTER 1. INTRODUCTION

1.1

Sandwich structures

A sandwich structure is most simply defined as a structure consisting of a core material
enclosed between two sheets of a different material. Traditionally sandwich structures
have been made using a weak and lightweight core material sandwiched between two
thin and stiff sheets bonded on the upper and lower faces of the core. In literature, the
upper and lower sheets are referred to variously as facesheets, skins, faces or covers. The
primary purpose of the core is to provide spacing between the facesheets and to resist the
incident transverse shear loads. The separation of the facesheets by the core helps
increase the moment of inertia with little increase in weight, thus making sandwich
structures very efficient in resisting bending and buckling loads. This low weight, high
performance nature of sandwich structures has made them extremely attractive for use in
the marine and aerospace industry.
The facesheets, the major load bearing components of the sandwich, are usually chosen
to be of the same material and thickness and have a much higher bending stiffness than
the core material. Commonly used facesheet materials include thin metal plates, profiled
plates and more recently, fiber reinforced composite materials. The core of a sandwich
structure is made from lightweight materials with high compression and shear strengths.
Generally, cores can be classified into four types: 1. foam or solid core; 2. honeycomb
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core; 3. web core and; 4. a corrugated or truss core [1]. Foam and honeycomb cores are
the most commonly used core materials, but the appropriate choice of the core depends
on the application and nature of the incident loads.

Figure 1.1 A typical sandwich construction

Due to the obvious advantages of sandwich structures over equivalent single layered
structures, the use of sandwich structures has become extremely popular in the past few
decades. However, sandwich structures have been long present in nature as well as in
engineering circles, and a brief history of this subject is presented in the next section.
1.2

History of sandwich structures

Due to the complexity of the evolution of human society, it is always a difficult task to
trace the history of engineering ideas. The history of sandwich structures is no different.
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However, similar to most other engineering ideas, nature developed the concept of
sandwich construction much before the advent of mankind. The branches of plants and
trees are a good example of sandwich construction. Animal and bird bone structures are
one of the best examples of the use of sandwich structures to minimize weight by
optimum use of materials. In fact, the human brain need not think far for examples of
sandwich structures, since the human skull is an example of a sandwich structure made
using a foam core.

Efficient use of materials and energy is one of the essential

evolutionary tools of nature.
The earliest mention of the use of sandwich constructions by human beings can be found
in the works of the roman architect and engineer, Marcus Vitruvius [2]. In his treatise on
the architectural practices prevalent in 15th century B.C., “De Architectura” (English
translation: On Architecture), Vitruvius details the use of sandwich construction in the
making of roman roof structures.

More recent history of the concept of sandwich

construction can be traced back to W. Fairbairn, who experimented on the use of
sandwich construction by riveting iron compression sheets to both sides of a wood core
for the Britannia Tubular Bridge in North Wales in 1849 [3]. In 1924, the design for a
glider plane with fuselage structure made using a sandwich construction was patent by T.
von Karman and P. Stock [4].
The use of bombers and fighter jets in World War II brought forth the need for lighter
construction of aircrafts. The chief designer of De Havilland, E. Bishop was the first
person to use sandwich structures in a powered aircraft. Having used the concept in the
fuselage of the Comet Racer and the Albatross, he went on to apply plywood sandwich
construction for the wings and fuselage of the famous night bomber, Mosquito. In 1943,
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Wright Patterson Air Force Base in Ohio constructed the Vultee BT-15 fuselage using
fiberglass-reinforced polyester as the facesheet and balsa wood as the sandwich core [5].
Significant research has since been conducted in the field of sandwich constructions. In
1944, Marguerre [6] was the first to publish a research paper, studying the effect of inplane compressive loads on sandwich panels. In 1948, Libove and Batdorf [7] published
a general small deflection theory for sandwich plates. Two years later, Hoff [8] used the
principle of virtual displacements to derive the differential equations and boundary
conditions for bending and buckling of sandwich plates. In 1951, Bijlaard [9] approached
the subject of sandwich optimization for the case of a given thickness and core depth to
thickness ratio, computing the optimum ratio of elastic moduli of core and faces for
sustaining buckling load. A year later, Flugge [10] published a paper on the structural
optimization of sandwich panels. The same year, Eringen [11] obtained four partial
differential equations for the bending and buckling of rectangular sandwich plates with
isotropic cores and faces under various loading and edge conditions by using the theorem
of minimum potential energy.
At around the same time, the U.S. Forest Products Laboratory (USFPL) started wood
sandwich structures in association with the University of Washington. Their numerous
publications on the methods of analysis of such structures were applicable to similar
composite based structures too. For example, in 1956, Ericksen [12] published a report
accounting for the effects of shear deformation on deflections of sandwich panels with
isotropic core and facings. Military Handbook 23, involving the results from the many
publications issued by USFPL was extensively used in the industry during the period.
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After a period of wide spread research during the late 1950’s and 1960’s, Plantema [13]
published the first book on sandwich structures. This was followed in 1969 by the book
written by H.G. Allen [14]. During the same period, with an aim of achieving a “stealth”
aircraft, the U.S. Naval Air Engineering Center directed research efforts towards
development of minimum weight optimization techniques to help develop fiberglass
composite sandwich constructions to replace conventional aluminum used for aircraft
construction. Realizing the potential of such composite sandwich construction, the Royal
Institute of Technology (KTH) in Stockholm, in conjunction with the Swedish Royal
Navy, spent considerable effort in designing a composite sandwich hull for ships which
were demonstrated to be as structurally safe as a steel hull [5]. The influence of this
period can still be seen today since the majority Scandinavian naval ship hulls are
composite sandwich. The famous Swedish vessel, YP2000 Visby, for example is a
stealth-optimized graphite/epoxy composite vessel using sandwich construction.
In his 1992 overview of honeycomb core, Bitzer [15] stated that every two or more
aircraft engine in the world utilizes some honeycomb core sandwich. The use of
sandwich construction has since risen to include various parts of the aircraft structure. For
example, in the Boeing 747, the fuselage cylindrical shell is primarily Nomex honeycomb
sandwich, and the floors, side-panels, overhead bins and ceiling are also of sandwich
construction [16]. A comprehensive review of sandwich structures and their historical
development can be found in the review by Noor, Burton and Bert [5] who discuss over
800 references and provide an addition 559 references in the bibliography.
Since the early days of wood core sandwiches, new and much more sophisticated
sandwich cores are now prevalent which, supplemented with composite facesheets, are
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being used to build more and more structural parts around the world. Also, with
increasing need for energy saving through weight reduction, sandwich structures offer a
practical solution to the design of newer aircrafts and marine vessels. Thus, the use of
sandwich structures will only grow in the future.
1.3

Locally resonant structures

The subject of wave guides and wave attenuation has been the subject of considerable
interest over the last century. More recently, the concept of metamaterials and locally
resonant structures has been introduced in order to help control the wave propagation
properties of a structure. Metamaterials are broadly defined as artificial composite
materials engineered to obtain unusual properties not readily available in nature. The
concept of such a material was first introduced by Veselago [17], who suggested a lefthanded metamaterial having negativity permittivity and permeability and behaving
oppositely to right-handed materials. After a few decades of lull, the topic of left-handed
metamaterials was brought back into focus by the work done by Pendry [18] who
proposed the idea of making a perfect lens by utilizing the properties of such materials.
Since then, electromagnetic metamaterials have been extensively studied and structures
displaying negative effective properties have been obtained [19 - 23].
Using the mathematical analogy between electromagnetic and acoustic waves,
investigators have proposed structures displaying similar negative properties for acoustic
and elastic wave propagation. For example, it has been shown that negative effective
parameters can be obtained using an array of a solid core material of high density and a
coating of elastically soft material [24-26]. A negative bulk modulus was obtained for
elastic metamaterials by using bubble contained water spheres [27]. Similarly, an array of
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Helmholtz resonators [28-30] and an array of side holes in a cylindrical duct have been
shown to produce negative effective modulus for acoustic systems [31]. More recently,
investigators have experimentally demonstrated the existence of a high transmission loss
band-gap using stretched membranes [32-35].
Milton and Willis [36] and Huang et al. [37] investigated a mass in mass lattice system
for elastic wave attenuation. It was shown that near the local resonance of the included
resonators, the system behaves as a material with negative effective mass density and a
wave attenuation bandgap can be achieved. Since this bandgap primarily depends on the
properties of the included resonators, it can be tailored much more easily than the
conventional Bragg gap obtained due to the periodic nature of the system. Huang et al.
[38] showed that more than one bandgap can be achieved by using multi-resonator mass
in mass lattice [39]. Pai [40] further investigated this effect by analyzing a uniform elastic
bar with attached spring-mass subsystems and showed that the working mechanism is
based on the conventional mechanical vibration absorbers and proposed a design for a
broadband vibration absorption system by using multiple vibration absorbers. Using a
mass-spring system, Yao et al. [41] experimentally demonstrated the negative effective
mass and reported a high transmission loss bandgap in accordance with the theoretical
results. Huang et al. [38] further explained the wave attenuation and energy transfer
mechanism in the bandgap. They showed that most of the work done by the external
force on the system is stored temporarily in the resonators in the form of kinetic energy
and is taken out by the external forcing agency in the form of negative work in a cyclic
manner. Mikoshiba et al. [42] suggested the use of a magnetic mass surrounded by
copper coils in order to utilize this phenomenon for energy harvesting.
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Based on this work, Sun and Chen [43] proposed the use of such energy absorbing
subsystems in sandwich constructions to improve their dynamic behavior. Under the low
frequency assumption, they showed that the behavior of a sandwich beam can be
described by an effective Timoshenko beam model. The effect of resonators embedded
inside the core was analyzed using a volume averaging technique by assuming the
resonators to be continuously distributed along the beam. Such a system was shown to
display negative equivalent mass and low frequency bandgaps corresponding to the local
resonance frequency were achieved. Spectrum relations for the beam were derived and it
was shown that a wave attenuation bandgap can be easily tailored by tuning the spring
stiffness and mass of the resonators. Subsequently, it was also shown that for a finite
system the local resonance attenuation phenomenon corresponds to the anti-resonance
behavior of a two degree of freedom system [44]. An underlying assumption during the
study of locally resonant structures is the periodicity of the unit cells. Since the bandgap
obtained is primarily due to the temporary storage of kinetic energy in the resonators, it is
not dependent on the periodicity of the resonators. However, the continuous distribution
of resonators is not a strictly valid assumption and the unit cell analysis approach
inherently introduces a periodicity into the system. It is well known that periodicity in a
system leads to wave attenuation bandgaps in certain frequency regions. Different kinds
of periodicity effects have been studied by various researchers [45-50]. Thus, to obtain
the complete dynamic response of systems with periodically located resonators, it is
important to include the effect of the resonator periodicity. In this thesis, the work done
by Chen [51] in demonstrating the idea of utilizing local resonators to improve the
dynamic response of sandwich beams is carried forward by demonstrating the principle
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experimentally and by improving the theoretical treatment by including the effect of the
periodicity of the resonators. The effect of various loading conditions such as hull
slamming and impact are also considered. The thesis outline is described next.
1.4

Chapter Outlines

In chapter 2, Timoshenko representation of a sandwich beam is verified. It is shown that
the Timoshenko beam theory is adequate for representing the flexural behavior of a
sandwich beam at low frequencies. A phased array approach is developed to obtain the
dispersion behavior of such beams. It is shown that the insertion of resonators inside the
core causes a wave attenuation bandgap to emerge around the local resonance frequency.
Using finite element simulations, it is shown that the phased array method offers a more
complete solution as compared to the volume averaging technique since it takes into
consideration the periodicity of the resonators.
Experimental evidence for the local resonance bandgap is presented in chapter 3. A
sandwich beam with internal resonators is manufactured and steady state vibration
experiments are performed. The frequency response function of the beam is obtained and
compared with that for a sandwich beam without resonators. The presence of a vibration
attenuation region is demonstrated. The experimental results are verified using finite
element simulations. Finite element simulations are also used to demonstrate that the
bandgap is not the result of the added mass by comparing the frequency response
functions of the beam with resonators with that of a beam with equivalent mass.
In chapter 4, the use of resonators as a viable method to attenuate periodic loads such as
hull slamming loads is demonstrated. This is done by experimentally demonstrating the
existence of a low frequency wave attenuation bandgap induced by inserting resonators.
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Additionally, it is demonstrated that excessive vibrations occurring due to structural
resonance can be attenuated by choosing the local resonance frequency to coincide with
the structural resonance frequency.
Chapter 6 explores the use of resonators embedded in the sandwich core to improve the
attenuation behavior of sandwich beams under impact loads. Finite element models are
used to study the wave attenuation behavior of sandwich beams subjected to impact loads
and their behavior is compared with an equivalent beam without resonators. The effect of
the resonator frequency on a given impact load is studied. The behavior of a chosen
internal resonator under different impact loads is also considered. Transverse impact
experiments are then performed to verify the finite element models and to experimentally
demonstrate the advantage of using local resonators.
In chapter 7, the effect of the resonator periodicity is studied in greater detail. The effect
of the resonator properties on the periodicity bandgaps is analyzed. It is demonstrated that
the bounding frequencies of the bandgaps can be related to the modal frequencies of a
unit cell and the relationship between the unit cell type, boundary conditions, and the
bounding frequencies is obtained. The interaction between the local resonance bandgap
and the periodicity bandgap is analyzed. It is shown that when the local resonance
frequency coincides with the cut-on frequency of the periodic bandgap, a wider bandgap
interrupted by a narrow passband is obtained. The existence of this passband is confirmed
using finite element simulations. The results obtained are summarized in chapter 7 and
suggestions for future work are presented.
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CHAPTER 2. WAVE PROPAGATION IN SANDWICH STRUCTURES WITH
INTERNAL RESONATORS

2.1

Introduction

Due to their light weight, sandwich structures have found wide ranging applications in
the aerospace and marine industry. In a typical sandwich construction, the face sheets are
the major load-bearing components and the lightweight core is used to support the face
sheets and take the transverse shear force. Typically, such structures exhibit different
behaviors in different regimes of frequency and wavelength [52] and are thus quite
complicated to analyze. Though it is possible to obtain the complete solution using
general theory of elasticity [53], for most engineering problems such complicated
solution is tedious and unnecessary. By correctly identifying the frequency and
wavelength regime of interest, we can make reasonable assumptions regarding the
associated deformation and stress fields, and develop approximate methods to obtain
results up to a certain degree of accuracy.
In this thesis we are interested in the low frequency behavior of sandwich beams made
using foam cores containing embedded resonators. This problem was first considered by
Chen and Sun [43]. Under the long wavelength assumption, it was shown that the
behavior or a sandwich beam can be described by an effective Timoshenko beam model.
The effect of resonators embedded inside the core was analyzed using a volume
averaging technique by assuming the resonators to be continuously distributed. In this
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chapter, the validity of the Timoshenko beam formulation is checked by obtaining
dispersion curves using finite element methods for a 3-D sandwich beam and comparing
it with the equivalent Timoshenko beam model. Next, the assumption that internal
resonators are continuously distribution is revisited and a more complete theory is
derived by correcting for the inclusion of discrete and periodic resonators using the
phased array method.
2.2

Sandwich Beam Represented as a Timoshenko Beam

Figure 2.1 shows a typical sandwich beam constructed using two thin facesheets
separated by a thick foam core. Typically, the bending stiffness of the facesheets greatly
exceeds the stiffness of the core, while the core shear stiffness is much greater than the
shear stiffness offered by the thin facesheets. Thus, it is assumed that the bending
behavior of the sandwich beam is entirely controlled by the facesheets, while the shear
behavior is controlled by the foam core.

Figure 2.1 A typical sandwich beam construction

Assume that for a beam of width b and moment of inertia of the cross-section I, the
facesheets thickness, Young's modulus and density are hf, Ef and ρf, while the core
thickness, shear modulus and density are hc, Gc,and ρc. Based on the above assumptions,
the sandwich beam can be represented as a Timoshenko beam with an equivalent bending
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rigidity EI, shear rigidity GA, mass per unit length ρA, and rotary inertia ρI, where these
quantities can be calculated as follows
𝐸𝐼 = 𝐸𝑓 𝑏(ℎ𝑐2 ℎ𝑓 /2 + ℎ𝑐 ℎ𝑓2 )

(2.1)

𝜌𝐴 = 2𝜌𝑓 𝑏ℎ𝑓 + 𝜌𝑐 𝑏ℎ𝑐

(2.3)

𝐺𝐴 = 𝐺𝑐 𝑏(ℎ𝑐 + 2ℎ𝑓 )

(2.2)

𝜌𝐼 = 𝜌𝑓 𝑏(ℎ𝑐2 ℎ𝑓 /2 + ℎ𝑐 ℎ𝑓2 ) + 𝜌𝑐 𝑏ℎ𝑐3 /12

(2.4)

𝐺𝐴[𝑣 ′′ (𝑥, 𝑡) + 𝜑 ′ (𝑥, 𝑡)] − 𝜌𝐴𝑣̈ (𝑥, 𝑡) = 0

(2.5)

Based on the Timoshenko beam theory, the equations of motion may be derived as

𝐸𝐼𝜑 ′′ (𝑥, 𝑡) − 𝐺𝐴[𝑣 ′ (𝑥, 𝑡) + 𝜑(𝑥, 𝑡)] − 𝜌𝐴𝜑̈ (𝑥, 𝑡) = 0

(2.6)

where 𝑣 is the transverse displacement of the sandwich beam and 𝜑 is the rotation of the
cross-section about the y-axis. Assume the solutions to be of the form
𝑣 = 𝑣𝑜 𝑒 −𝑖(𝑘𝑥−𝜔𝑡) ,

𝜑 = 𝜑𝑜 𝑒 −𝑖(𝑘𝑥−𝜔𝑡)

(2.7)

By assuming the adjustable parameters equal to unity, the characteristic equation can be
derived to be [54]:
𝑘4 − �

𝜌𝐼 𝜌𝐴 2 2
𝜌𝐼𝜌𝐴 𝜌𝐴 2
+ �𝜔 𝑘 + �
− �𝜔 = 0
𝐸𝐼 𝐺𝐴
𝐸𝐼𝐺𝐴 𝐸𝐼

(2.8)

where k is the wave number and ω is the angular frequency. Using relation Eq. 2.8, for a
given ω, we may solve for the corresponding k and thus obtain the spectral relationship
for the equivalent Timoshenko beam.
The spectral relationship for the beam may also be obtained using finite element analysis.
In order to do so, it can be observed that harmonic wave propagation can be effectively
viewed as free harmonic vibration with sinusoidal mode shapes [54]. For the sinusoidal
propagating wave, the wave nodes can be effectively described as being simply supported.
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This fact is utilized to model a 2D finite sandwich beam, applying simply supported
boundary conditions at both ends. The commercial code ABAQUS is used and the
sandwich beam is modeled using 8 node biquadratic plane stress quadrilateral elements
with reduced integration (CPS8R). In order to obtain good fidelity, a 5m long beam is
modeled with an element size of 0.01m. Using an eigenvalue analysis, the natural
frequencies, ωn, and the characteristic wavelength, λn, are obtained. The obtained
wavelengths are then used to calculate the wavenumber (k = 2π/λ) and the dispersion
curve is subsequently plotted. The facesheets are assumed to be made using 0.381 mm
thick Aluminum with an elastic modulus Ef (70 GPa), Poisson's ratio µf (0.35), and
density ρf (2700 Kg/m3). The sandwich core is assumed to be made using General
Plastics FR-7104 foam core which has a shear modulus Gc (4.801 MPa), Poisson's ratio
µc (0.3), and density ρc (64 Kg/m3). The beam is assumed to be 25 mm wide and both the
facesheet and the core materials are assumed to be isotropic. The equivalent Timoshenko
beam parameters are given in Table 2.1.
EI (Pa-m4)
873.2257

Table 2.1 Effective Timoshenko beam properties
GA (Pa-m2)
ρA (Kg/m)
6097.3

0.1327

ρI (Kg-m)
5.1161e-5

Figure 2.2 shows the comparison of the dispersion curves obtained using the Timoshenko
beam theory and the 2D finite element model. Since only the flexural motion of the beam
is the primary interest, only the lowest mode for both the beams are plotted. It is
important to realize that the Timoshenko beam model allows for only two modes, while
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the 2D beam representation allows for a higher number of modes, which can be safely
ignored in the frequency range of interest.
It can be seen that the dispersion curve obtained by assuming the sandwich beam to be
represented as a Timoshenko beam agrees accurately with the dispersion curve for a 2D
sandwich beam within the frequency range of interest. Note that the wavenumber has
been non-dimensionalized by multiplying it with the total height of the beam. The two
curves tend to deviate at higher frequencies and the Timoshenko beam representation
stops being valid at short wavelengths. However, since we are interested in the lower
frequency behavior of the beam, we can safely use the Timoshenko beam theory to
represent the dynamic behavior of our sandwich beams.

Figure 2.2 Dispersion curve comparison for sandwich beam modeled using Timoshenko
beam theory and 2D finite elements.

2.3

Sandwich Beam with Internal Resonators

In spite of their attractive high strength to weight ratio, a major weakness of sandwich
structures is their low impact resistant strength and impact energy absorption capability.
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Thus, in order to facilitate their use in dynamic environments it is necessary to find ways
to enhance their capability of attenuating incident dynamic loads. Chen and Sun [43]
have shown that this can be achieved by inserting spring-mass resonating elements inside
the sandwich core. The insertion of such resonators creates wave attenuation bandgaps
which are dependent on the resonance frequency of the inserted resonators. Thus, such a
bandgap can also be achieved at low frequencies and can thus be tailored to suit the
application.
In order to analyze the effect of resonators embedded inside the core, a volume averaging
technique was utilized and the resonators were assumed to be continuously distributed.
The system was shown to display negative effective mass and low frequency bandgaps
corresponding to the local resonance frequency were achieved. However, an underlying
assumption during the study of locally resonant structures is the periodicity of the unit
cells. Since the bandgap obtained is primarily due to the temporary storage of kinetic
energy in the resonators, it is not dependent on the periodicity of the resonators. However,
the continuous distribution of resonators is not a strictly valid assumption and the unit
cell analysis approach inherently introduces a periodicity into the system. In this section,
the theoretical work presented by [51] is refined by avoiding the continuous distribution
assumption and instead taking into account the periodicity of the resonators.
Over the years, many different methods have been used to analyze periodic structures.
These include receptance methods [46-47], energy methods including the finite element
method [50], space harmonic analysis [55], direct solution method [56], phased array
method [57] and the transfer matrix method [49]. For this analysis the phased array
method is utilized to obtain closed form solutions for the dispersion behavior of a
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sandwich beam with internal resonators. The obtained dispersion behavior is verified
using finite element solutions. However, firstly the concept of the propagation constant,
commonly used to understand the wave motion of periodic structures, is introduced.
2.3.1

The Propagation Constant

The concept of propagation constant is used to determine the behavior of periodic
structures. In periodic structures, it can be shown that the free response behavior at a
point in one section is equal to the response of the corresponding point in the adjacent
section multiplied by e-iµ, where µ is the propagation constant. In general µ is complex
and can be written as
µ = 𝛿 + 𝑖𝛾

(2.9)

When written in the form e-iµ, the real part of the µ (i.e. δ) carries information about the
phase difference between the responses measured at two points one periodic length apart
(L), while the imaginary part (i.e. γ) describes the rate of decay of the amplitude between
the two points. The wavenumber of a propagating wave (k), i.e. for a wave with γ = 0, is
given as [38]
𝑘 = δ/L

(2.10)

λ = 2π/k = 2πL/δ

(2.11)

and the wavelength λ is

This relationship will later be used to compare analytical results with results obtained
from finite element results.
2.3.2

The Phased Array Method

The phased array method is a closed form method of studying wave propagation in
periodic structures that was initially proposed by Mead [57]. The method is based on the
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fact that free wave motion in a periodic structure is the same as the forced wave motion
generated by an array of phased forces, i.e. any adjacent pair of forces or moments are
related to each other by e-iµ. The method developed in [57] is utilized under the
assumption that a sandwich beam can be modeled using the Timoshenko beam theory.
Consider an infinite Timoshenko beam with bending rigidity EI, shear rigidity GA, mass
per unit length ρA, rotary inertia ρI, and characterized by the vertical displacement v(x,t)
and rotation of the cross-sections, φ(x,t) about the neutral axis. The solutions may be
assumed to be of the form
𝑣 = 𝑣𝑜 𝑒 −𝑖(𝑘𝑥−𝜔𝑡) ,

𝜑 = 𝜑𝑜 𝑒 −𝑖(𝑘𝑥−𝜔𝑡)

(2.12)

By assuming the adjustable parameters equal to unity, the characteristic equation can be
derived to be [54]:
𝜌𝐼 𝜌𝐴 2 2
𝜌𝐼𝜌𝐴 𝜌𝐴 2
+ �𝜔 𝑘 + �
− �𝜔 = 0
𝐸𝐼 𝐺𝐴
𝐸𝐼𝐺𝐴 𝐸𝐼

(2.13)

𝑣�(𝑥) = 𝐴𝑒 −𝑖𝑘1 𝑥 + 𝐵𝑒 −𝑖𝑘2 𝑥 + 𝐶𝑒 𝑖𝑘1 𝑥 + 𝐷𝑒 𝑖𝑘2 𝑥

(2.14)

𝑘4 − �

In the frequency domain, the general solution may be written as:

� 𝑒 𝑖𝑘2 𝑥
𝜑�(𝑥) = 𝐴̂𝑒 −𝑖𝑘1 𝑥 + 𝐵� 𝑒 −𝑖𝑘2 𝑥 + 𝐶̂ 𝑒 𝑖𝑘1 𝑥 + 𝐷

For an infinitely long Timoshenko beam excited by a point harmonic force at x=0, using
symmetry and antisymmetry we can write the displacements and rotations to the rightand left-hand parts of the beam as
𝑣�(𝑥)
= 𝐴1 𝑒 −𝑖𝑘1 𝑥 + 𝐴2 𝑒 −𝑖𝑘2 𝑥 (𝑥 ≥ 0), 𝑣
�(𝑥)
= 𝐴1 𝑒 𝑖𝑘1 𝑥 + 𝐴2 𝑒 𝑖𝑘2 𝑥 (𝑥 ≤ 0)
𝑅
𝐿

𝜑
�𝑅 (𝑥) = 𝐶1 𝑒 −𝑖𝑘1 𝑥 + 𝐶2 𝑒 −𝑖𝑘2 𝑥 (𝑥 ≥ 0), 𝜑
�(𝑥)
= 𝐶1 𝑒 𝑖𝑘1 𝑥 + 𝐶2 𝑒 𝑖𝑘2 𝑥 (𝑥 ≤ 0)
𝐿

where the amplitude coefficients are related as

(2.15)
(2.16)
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𝐺𝐴𝑘𝑗2 − 𝜌𝐴𝜔2
𝐶𝑗 = 𝑖 �
� 𝐴𝑗 ,
𝐺𝐴𝑘𝑗

𝑓𝑜𝑟 𝑗 = 1,2

(2.17)

The boundary conditions to be satisfied are as follows: (a) due to antisymmetry of φ
about x=0; the rotations 𝜑𝑅 (0) = 𝜑𝐿 (0) = 0; and (b) the shear force, V, on the beam

cross-section just to the right or left of x=0 is equal to half the applied force. The
application of the first boundary condition leads to C1= -C2. To apply the other boundary

condition we use the expression for the shear force on the beam cross-section;
𝑉 = −𝐺𝐴 �

These boundary conditions lead to
𝐴1 =

𝑃 𝑘1 𝑘22 − 𝑘𝑠2
�
�,
2𝑖𝐺𝐴 𝑘𝑠2 𝑘22 − 𝑘12
𝜌𝐴

𝜕𝑣
− 𝜑�
𝜕𝑥

where 𝑘𝑠 = 𝜔�𝐺𝐴 , and P is the applied load.

𝐴2 =

(2.18)

−𝑃 𝑘2 𝑘12 − 𝑘𝑠2
�
�
2𝑖𝐺𝐴 𝑘𝑠2 𝑘22 − 𝑘12

(2.19)

Thus, the transverse displacement at any point is then given by
𝑣�(𝑥) =

𝑃 𝑘1 𝑘22 − 𝑘𝑠2 −𝑖𝑘 𝑥 𝑘2 𝑘12 − 𝑘𝑠2 −𝑖𝑘 𝑥
� �
�𝑒 1 + 2 � 2
�𝑒 2 �
2𝑖𝐺𝐴 𝑘𝑠2 𝑘22 − 𝑘12
𝑘𝑠 𝑘2 − 𝑘12

(2.20)

An infinite beam with periodically placed resonators can be viewed as a uniform
structure on which the resonators impose forces at regular intervals. The force applied by
one attached spring-mass system on the infinite beam can be easily calculated and thus
can be conveniently used to study and compute the wave motion in the whole periodic
structure under free or forced harmonic conditions. Since the response of a point in a
periodic structure is related to a corresponding point in the adjacent section through the
propagation constant, it follows that the forces and moment exerted by the periodic
constraints are similarly related to each other. Thus they can be considered to be a
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"phased array" of forces, phased through e-iµ. The phased array approach is based on the
idea that the free wave motion in a periodic structure is the same as the forced wave
motion generated by the phased array of forces acting on the structure.
Consider a Timoshenko beam subjected to a phased array of harmonic forces, Pj = P0e-ijµ
e-iωt, applied with periodicity L. Assuming only the force P0 to be active, the transverse
displacement to the right, vr(x), and to the left, vl(x), of the force can be expressed using
the summation convention as
𝑣𝑟 (𝑥) = 𝑃0 ∑2𝑗=1�𝑎𝑗 𝑒 −𝑖𝑘𝑗 𝑥 �, 𝑣𝑙 (𝑥) = 𝑃0 ∑2𝑗=1�𝑎𝑗 𝑒 𝑖𝑘𝑗 𝑥 �

(2.21)

where k1 and k2 are as obtained from the characteristic equation and based on previous
analysis a1 and a2 can be written as
1 𝑘1 𝑘22 − 𝑘𝑠2
𝑎1 =
�
�,
2𝑖𝐺𝐴 𝑘𝑠2 𝑘22 − 𝑘12

−1 𝑘2 𝑘12 − 𝑘𝑠2
𝑎2 =
�
�
2𝑖𝐺𝐴 𝑘𝑠2 𝑘22 − 𝑘12

(2.22)

The transverse displacement at the location x=0, due to the force acting at that point is
𝑣(0) = 𝑃0 [𝑎1 + 𝑎2 ]

(2.23)

2

(2.24)

and the displacement at the distance rL to the right or left of the force is
𝑣(𝑟𝐿) = 𝑃0 ��𝑎𝑗 𝑒 −𝑖𝑘𝑗𝑟𝐿 �
𝑗=1

When all the forces are taken into consideration, the total response at x=0 can be written
as the sum of all the wave fields generated by the infinite phased array, i.e., the response
due to P0 + the response due to all the forces to the right of P0, and the response due to all
the forces to the left of P0. Thus we have
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∞

2

𝑗=1

𝑟=1

𝑗=1

𝑣𝑜𝑝 = 𝑃0 ��𝑎𝑗 � + � 𝑃𝑟 ��𝑎𝑗 𝑒

−𝑖𝑘𝑗 𝑟𝐿

∞

2

𝑠=1

𝑗=1

� + � 𝑃𝑠 ��𝑎𝑗 𝑒

−𝑖𝑘𝑗 𝑠𝐿

(2.25)
�

Using the relations 𝑃𝑟 = 𝑃0 𝑒 −𝑖𝜇𝑟 and 𝑃𝑠 = 𝑃0 𝑒 𝑖𝜇𝑠 we can write
2

2

∞

𝑗=1

𝑗=1

𝑟=1

𝑣𝑜𝑝 = 𝑃0 ��𝑎𝑗 � + 𝑃0 � 𝑎𝑗 ��𝑒

−𝑖𝑘𝑗 𝑟𝐿+𝑖𝜇𝑟

+𝑒

(2.26)

−𝑖𝑘𝑗 𝑟𝐿−𝑖𝜇𝑟

�
𝑒𝑐

𝑐𝑟
The expression can be further simplified using the identity, ∑∞
= 1−𝑒 𝑐 , and by
𝑟=1 𝑒

using Euler's formula to replace the complex exponentials with trigonometric functions as
𝑣𝑜𝑝

2

𝑖 sin 𝑘𝑗 𝐿
= 𝑃0 � 𝑎𝑗 �
�
cos 𝑘𝑗 𝐿 − cos 𝜇

(2.27)

𝑗=1

For resonators made using springs of stiffness K and mass m, the transverse force due to
the resonator can be written as 𝑃𝑟 = −𝐾𝑇 𝑣𝑟 , 𝑃0 = −𝐾𝑇 𝑣0 , 𝑒𝑡𝑐 where

Thus, we can write

𝐾2
𝐾𝑇 = 𝐾 − �
�
𝐾 − 𝑚𝜔 2
2

𝑃0 = 𝐾𝑇 𝑃0 � 𝑎𝑗 �
𝑗=1

𝑖 sin 𝑘𝑗 𝐿
�
cos 𝑘𝑗 𝐿 − cos 𝜇

(2.28)

(2.29)

Plugging in the values of a1 and a2 derived above, and solving it for cosµ, we obtain a
quadratic equation:

where,

cos 2 𝜇 − 𝐻1 cos 𝜇 + 𝐻2 = 0

(2.30)

𝐻1 = 𝑖𝐾𝑇 [𝑎1 sin 𝑘1 𝐿 + 𝑎2 sin 𝑘2 𝐿] − [cos 𝑘1 𝐿 + cos 𝑘2 𝐿]

(2.31)

𝐻2 = 𝑖𝐾𝑇 [𝑎1 sin 𝑘1 𝐿 cos 𝑘2 𝐿 + 𝑎2 sin 𝑘2 𝐿 cos 𝑘1 𝐿] + [cos 𝑘1 𝐿 cos 𝑘2 𝐿]

(2.32)
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This quadratic equation can be further solved for the propagation constant µ. The
wavenumber can subsequently be found by considering only the real part of the
propagation constant, as described in equation 2.10.
2.3.3

Finite Element Method

As explained in section 2.2, harmonic wave propagation can be effectively viewed as free
harmonic vibration with sinusoidal mode shapes. In order to validate the theoretical
results, the dispersion curves obtained using the phased array method is compared with
those obtained using the finite element method. Taking advantage of the Timoshenko
beam assumption, 2-node linear Timoshenko (shear flexible) beam elements (B21) with a
meshed cross-section are used to model the sandwich beam In order to obtain good
convergence in the frequency range of interest, an element size of 2.5 mm is chosen. The
cross-section properties are defined as per the discussion in section 2.2, with all the
material properties assumed to be linear. The resonator masses are modeled as pointmasses, m, and are attached to the beam nodes by using linear spring elements with
appropriate spring stiffness, K, to obtain the chosen local resonance frequency which is
given as, 𝜔𝑟 = �𝐾 ⁄𝑚. For the purpose of this analysis, a local resonance frequency of
500 Hz is chosen, while the beam geometrical and material properties are kept the same
as in section 2.2.
2.3.4

Results and Discussion

Figure 2.3 shows the comparison of the dispersion curves obtained using the phased array
method and by finite element analysis. The frequency is normalized with respect to the
local resonance frequency, while the wavenumber is normalized with respect to the unit
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cell distance. For this case, a unit cell length of 25 mm is assumed, i.e., the resonators are
placed at a periodic distance of 25 mm.
It can be seen that the dispersion curve obtained using the phased array method matches
accurately with the curve obtained using finite element analysis. Insertion of resonators
inside the sandwich beam causes a wave attenuation bandgap in the frequency region
near the spring-mass resonance frequency, called the local resonance frequency. As
explained by Chen [51], the vibration of the internal masses in the vicinity of the springmass resonance causes a temporary storage of kinetic energy in the resonators which
leads to the formation of the wave attenuation gap. For the chosen resonator and beam
parameter, the local resonance bandgap can be seen to exist from 445.34 Hz to 1400.8 Hz.
An accurate match for the bandgap start and end frequencies are obtained by using the
phased array method as compared with the finite element solution. A slight deviation
between the two curves can be observed which is due to the loss of accuracy in the higher
modal frequencies obtained using the finite element mesh.
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Figure 2.3 Comparison of dispersion curves obtained using FEM and using the phased
array method

Figure 2.4 shows the comparison of the dispersion curve for the above beam as obtained
by the phased array method and by the volume averaging technique, the details of which
can be found in [51]. The results obtained by the two methods are very close; however,
some notable difference can be seen near the bandgap frequencies. For the given
resonator periodicity, the solution obtained by the volume averaging method predicts a
bandgap range from 500 Hz till about 1461 Hz. Thus, the inaccurate representation of the
inherent periodicity and discreteness of the local resonators leads to an erroneous solution.
This can be further verified by further increasing the distance between the resonators.
Figure 2.5 shows the comparison of the dispersion curves obtained by the two methods
when the resonators are placed at a distance of 75mm from each other.
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Figure 2.4 Comparison of dispersion curves obtained using phased array method and the
volume averaging method, where L = 25 mm

Figure 2.5 Comparison of dispersion curves obtained using phased array method and the
volume averaging method, where L = 75 mm

It can be seen that as the resonator spacing is increased, the errors introduced due to the
continuous distribution assumption increase. Also, at higher frequencies, the volume
averaging method is unable to predict the existence of a Bragg gap introduced into the
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system due to the resonator periodicity. As the distance of the resonators is increased, this
periodic bandgap moves to a lower frequency and hence it becomes important to take the
resonator periodicity into account while studying the effect of introducing the resonators
into the sandwich beam. Thus, though the volume averaging method provides a good
solution for beams with closely spaced internal resonators, the errors introduced into the
solution increase as the resonator distance is increased. On the other hand, the phased
array method allows us to take into account the resonator periodicity and thus gives a
more accurate solution for a sandwich beam with internal resonators.
2.4

Conclusions

The dynamic behavior of sandwich beams with internal resonators is studied. It is shown
that for low frequencies, sandwich beams can be analyzed using the Timoshenko beam
assumption. A new model for sandwich beams with internal resonators is developed by
assuming the resonators to be inserted periodically into the system and by treating the
internal resonators as an array of phased forces. Dispersion curves obtained using this
method are compared with finite element solutions and with the solution obtained under
the assumption that resonators are continuously distributed. It is shown that the error
introduced into the solution obtained by volume averaging technique increases as the
distance between the resonators is increased. On the other hand, the phased array method
gives an accurate closed-form solution for the dynamic behavior of sandwich beams with
internal resonators, under the Timoshenko beam assumption, irrespective of the distance
between the resonators.
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CHAPTER 3. EXPERIMENTAL VERIFICATION OF CONCEPT

3.1

Introduction

As explained in chapter two, typically sandwich structures consist of a pair of thin, stiff
facesheets; a thick, lightweight core separating the two facesheets; and an adhesive
bonding the facesheets to the core. The facesheets are usually chosen to be of the same
material and thickness and have a much higher bending stiffness than the core material.
The core of a sandwich structure is usually made from lightweight materials with high
compression and shear strengths. Foam and honeycomb cores are the most commonly
used core materials, but the appropriate choice of the core depends on the application and
nature of the incident loads. Significant research in the past has focused on adjusting the
core properties, such as density, thickness, and mechanical properties of the core to
enhance the dynamic behavior of sandwich structures [1 - 16]. In the previous chapter,
the concept of improving the dynamic performance of sandwich beams by introducing
locally resonating structures inside the sandwich core was theoretically examined.
Introduction of such secondary resonating elements causes a wave propagation bandgap
within which harmonic waves are significantly attenuated.
In this chapter, the existence of a local resonance bandgap is experimentally
demonstrated by performing steady state experiments on a sandwich beam with springmass resonators placed periodically within the core. The frequency response of the beam
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is obtained and it is shown that a clear attenuation bandgap exists in the region
corresponding to the spring-mass local resonance frequency. The results are verified by
performing finite element analysis and comparing the results with that of a beam without
resonators. It is shown that addition of local resonators improves the flexural
performance of sandwich beam.
3.2
3.2.1

Experimental method

Construction of sandwich beam with internal resonators

In a sandwich construction, the separation of the facesheets by a thick core material
makes it possible to insert local resonating elements within the core material without too
much loss in the overall mechanical properties of the structure. In this section, the
construction of such a sandwich beam is described, which is then used to perform steadystate experiments to demonstrate the emergence of a wave attenuation gap near the local
resonance frequency.
A 30" long sandwich beam of rectangular cross-section 0.75" x 1.25" with resonators
inside the core is manufactured. Carbon fiber reinforced polymers are used to
manufacture the facesheets. Based on availability, AS4/3501-6 prepregs are vacuum
bagged with stacking sequence [02/902/02] and cured using the manufacturer
recommended curing cycle in an Autoclave. The cured composite plates are then cut into
0.75" x 30" rectangular strips using an automated water-jet cutting machine, and are
subsequently used as the final sandwich facesheets. Based on the ease of inserting the
local resonators, Rohacell IG-51 foam is used as the core material. A 2" thick foam core
board is ground down to a final thickness of 1.25" using a surface grinding machine. In
order to insert the resonators, 0.25" diameter holes are drilled into the core 0.5" apart by
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using a conventional drilling machine. Using a band-saw, the core is then cut to the final
length of 30" with a width of 0.75".
Figure 3.1 shows an individual resonating element consisting of a spring-mass-spring
arrangement and the final mass dimensions. Using a CNC Lathe, a 3/16" diameter
stainless steel rod is cut down into the final dimensions. Two groves are machined around
the mass ends in order to allow for a tight fit with the springs. 0.44" long compression
springs of 0.172" outer diameter made using 0.026" stainless steel wire and with closed
and ground ends are used as the resonator springs. The individual spring rate, as provided
by the manufacturer Century Spring Corp., is 26 lbf/in, while the final mass is 1.17 grams,
leading to a local resonance frequency of 484 Hz. In order to allow their reuse, the
resonators are contained in a 0.25" diameter casing made using cellulose butyrate with
plastic end caps.

(a)

(b)

Figure 3.1 (a) Schematic of local resonator mass (all dimensions in mm), (b) An
individual local resonating element

Ef (GPa)
97.19

Table 3.1 Dimensions and material constants of the specimen
hf (m)
hc(m)
b(m)
a(m)
k1(N/m)
7.62x10-4

3.02x10-2

0.019

0.012

5415.74

m1(kg)
1.17x10-3
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EI (Pa m4)

Table 3.2 Effective properties of the sandwich beam
GA (Pa m2)
ρA(kg/m)
1.12x104

677

0.1248

ρI(kg m)
1.69x10-5

The dimensions and material constants are listed in Table 3.1 and the corresponding
sandwich beam properties are given in Table 3.2. The composite facesheet properties are
evaluated using the manufacturer provided data. The thickness of the face sheet and that
of the core are denoted by hf and hc, respectively, and the width of the beam is denoted as
b. The densities of the face sheet, the core, and the casing are 1550 kg/m3, 52.1 kg/m3,
and 2090 kg/m3, respectively. Insertion of the local resonators inside the sandwich core is
expected to change the shear rigidity of the foam core. To account for this change, the
shear rigidity of the beam is measured directly using a three point bending test as per [58].

(a)

(b)

Figure 3.2 (a) Experimental setup for three point bending test; (b) Force v/s Displacement
data obtained from three point bending test

Using a span length of 7", the specimen was mounted on a 22 kip MTS machine and the
mid-span displacement was measured using a laser extensometer. The obtained forcedisplacement relationship for one specimen is plotted in Figure 3.2. The measured force-
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displacement relationship is then used to evaluate the shear rigidity of the beam as per the
formulation given in [58]. A sandwich beam without any resonators is constructed to
serve as a comparison. Empty resonator tubes are inserted into the foam core, so that the
shear rigidity of the two beams is maintained.

Figure 3.3 Manufacturing of sandwich core

3.2.2

Frequency response function estimation

Frequency response functions are commonly used to describe the input-output
relationship of any given system. It is the measurement of the output of the system to a
given input as a function of frequency. For a linear and time invariant system, the output
at a point p is related to the input at a point q as
𝑋𝑝 = 𝐻𝑝𝑞 𝐹𝑞

(3.1)

where 𝑋𝑝 is the Fourier transform of the measured output response, 𝐹𝑞 is the Fourier
transform of the measured input stimuli and 𝐻𝑝𝑞 is the frequency response function as

measure between point’s p and q. Thus, the frequency response may be mathematically
defined as
𝐻𝑝𝑞 =

𝑋𝑝
𝐹𝑞

(3.2)
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Thus, the frequency response function relates the output per unit of input at each
individual frequency. It can be expressed in terms of system properties such as mass,
stiffness, and damping. Depending on the measured output quantities, for a given force
input, various response functions such as Receptance (Displacement/Force), Mobility
(Velocity/Force) and Accelerance (Acceleration/Force), can be constructed. The choice
of the measured output quantity is often determined by the application and the ease of
measurement.
Since the frequency response function depends on the transformation of data from the
time to frequency domain, it is necessary to use the Fourier transform. Since the integral
Fourier transform definition requires time histories from negative infinity to positive
infinity, this computation is performed using a fast Fourier transform (FFT) algorithm
which is based on a limited time history. Also, due the errors involved in the
measurement of the input and output quantities, a measurement model which allows the
frequency response function to be estimated in presence of noise is required. The most
common approach to overcome the problem of noise is by the use of total least squares
techniques. Least square methods help minimizing the square of the magnitude error and
compute the best estimate of the frequency response function. There are three commonly
used algorithms for this measurement, H1, H2, and Hv, which are differentiated based on
the assumption of where the noise enters the measurement problem [59]. The H1
technique is based on a least squares method, and it assumes the noise to be present only
in the output response. The H2 technique is also based on a least squares approach, but it
assumes the noise to be present only in the input signal, while the output signal is
assumed to be free of any noise. The Hv technique is based on a total least squares
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approach, and as opposed to the earlier two methods, it assumes noise to be present in
both, the input as well as the output response.
In order to account for and minimize the random errors during the measurement, it is
important to take a number of averages. This is accomplished through the measurement
of the auto and cross power spectrums. The estimates of the auto and cross power
spectrums for a single input, single output frequency response measurement are defined
as follows:
Auto Power Spectra:
𝑁

𝐺𝐹𝐹𝑞𝑞 = � 𝐹𝑞 𝐹�𝑞
1

𝑁

𝐺𝑋𝑋𝑝𝑝 = � 𝑋𝑝 𝑋�𝑝

(3.3)

(3.4)

1

Cross Power Spectra:

𝑁

𝐺𝑋𝐹𝑝𝑞

= � 𝑋𝑝 𝐹�𝑞

𝐺𝐹𝑋𝑞𝑝

= � 𝐹𝑞 𝑋�𝑝

1

𝑁

(3.5)

(3.6)

1

where 𝐹� and 𝑋� are the complex conjugates of F(ω) and X(ω).

The three frequency response estimates are mathematical given as follows.
1. H1 Algorithm: (Minimizes noise on measured output)
𝐻𝑝𝑞 =

𝐺𝑋𝐹𝑝𝑞
𝐺𝐹𝐹𝑞𝑞

(3.7)

34
2. H2 Algorithm: (Minimize noise on input)
𝐻𝑝𝑞 =

𝐺𝑋𝑋𝑝𝑝
𝐺𝐹𝑋𝑞𝑝

(3.8)

𝐻𝑝𝑞 =

𝐺𝑅𝑋𝑝𝑞
𝐺𝑅𝑋𝑝𝑞

(3.9)

3. Hv Algorithm: (Minimize noise on input and output)

where R is the frequency spectrum of a third signal which is assumed to be free of noise.
While performing a steady state experiment, for example, one may take R to be the signal
from the waveform generator.
In all three cases, due to bias errors such as leakage, the estimate differs from the
expected value particularly in the region of a resonance or an antiresonance frequency.
The Hv algorithm gives an answer that is always bounded by H1 and H2 values. It is
important to note that none of the approaches have any effect on the phase characteristics
since they are based upon minimizing the magnitude of the error.
Another important aspect to consider while estimating the frequency response function is
the ordinary coherence function which indicates the degree of causality in a frequency
response function. If the measured response is caused totally by the measured input, the
system is said to have perfect causality at that frequency and the value of the ordinary
coherence function is unity. A coherence value less than unity indicates that the measured
response is greater than due to the measure input, which indicates some extraneous noise
contributing to the measured output. This is usually a good indicator that more averaging
is needed for a reliable result. The ordinary coherence function can be obtained by
dividing the H1 estimate by the H2 estimate.
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3.2.3

Experimental Setup

Figure 3.4 Experimental setup

Figure 3.4 shows the experimental set-up. A piezoelectric stack actuator, Pst 1000/23/200,
obtained from Piezomechanik GmbH, is used to provide an input excitation to the beam.
The actuator is powered by its complimentary Piezomechanik GmbH high power
amplifier, model RCV 1000/5. An HP Agilent 33210A waveform generator is used to
generate a noise signal with a frequency spectrum between 0.1 to 1000 Hz. The sandwich
beam is simply supported one end, while the other end is mounted on the vibration
exciter by using a fixture which includes a stinger rod connected to an attachment
consisting of two roller pins connected vertically using set-screws, as shown in Figure
3.5b. This attachment is employed to avoid errors due to local deformation near the point
of excitation and to maximize the flexural motion of the beam.
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(b)

(a)

Figure 3.5 (a) Schematic of experimental setup; (b) Fixture connecting sandwich beam to
the shaker

The input force signal is measured using a PCB 208A02 load cell, mounted between the
shaker and the beam. The base side of the load cell is connected to the beam with the top
side facing the shaker in order to minimize the mass loading of the transducer [59]. The
output acceleration is measured by mounting an accelerometer on the upper facesheet of
the beam using a double sided mounting tape. The accelerometers used are B&K 4507B.
A Labview interface is used to collect all the data while the post processing is done using
Matlab. Since the input force and the output acceleration signals contain some noise, the
Hv algorithm is employed to obtain the frequency response function. In order to account
for random noise and to obtain good correlation, 150 averages were performed while
applying a Hanning window [59].
3.3

Results and discussion

The obtained frequency response functions are shown in Figure 3.6. The output
accelerations are measure 60 cm away from the input end. For comparison and to see the
effect of the resonators clearly the frequency response functions for beam with and
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without the resonators are plotted together. The peaks in the responses correspond to the
modal frequencies of the individual beams. It can be observed that modal resonance
peaks for the beam with the resonators appear at frequencies lower than those for the
beam without the resonators. This can be explained by considering the overall masses of
the two beams. Addition of internal resonators to the beam increases its overall mass and
thus the global frequency of the beam with resonators is lower than that for the beam
without the additional masses.

Figure 3.6 Comparison of frequency response functions for beams with and without
resonators

For clarity, only the frequency response between 100-800Hz is plotted. For the beam
with resonators a clear dip can be seen in the frequency range between 450Hz to 500Hz.
No such dip can be seen in the beam without the resonators. This bandgap corresponds to
the local frequency of the inserted resonators. Any flexural harmonic waves within this
frequency range will be attenuated due to the absorption of the incident energy by the
motion of the resonators. For a beam without any resonators, no such energy absorption
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mechanism is available and the incident flexural waves will be transmitted without
attenuation. Thus, addition of resonators inside the core helps improve the dynamic
behavior of the sandwich beam.
In order to validate the experimental results, finite element models simulating the
experiment are created using ABAQUS. The sandwich beams are modeled using
Timoshenko beam elements (B21) with a meshed cross-section, as described in Chapter 2.
The steady state experiment is simulated by applying a unit force at the actuation end and
obtaining the accelerations 60 cm away from the actuation end. In order to account for
damping, a global structural damping factor of 0.025 was applied to the model. Also, the
mass of the accelerometers and the fixture attaching the beam to the shaker was
accounted for by adding mass to the appropriate nodes.

Figure 3.7 Comparison of experimental and numerical frequency response functions

Figure 3.7 shows the comparison of the numerical and experimental results. A good
match between the first global resonance modes is obtained. It should be noted that only a
global structural damping parameter was assumed in the finite element model. For a
complex system such as a sandwich beam, such a simple damping model is not capable
of accounting for all the damping in the system, which is expected to be frequency
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dependent. Also, for the purpose of the analysis, the foam core is assumed to be an
isotropic material, which is not strictly correct. A good match is obtained between the
locations of the local resonance bandgap dips, though a difference in the bandgap width
is clearly notable. This can be explained by the fact that no damping was added to the
local resonators. Also, due to imperfection in the construction of the resonators, not all
resonators resonate at the same frequency. Thus, the energy absorbed by the local
resonators during the experiments is much less than as predicted by the finite element
model.

Figure 3.8 Comparison of frequency response of beam with resonators and beam with
fixed mass

It may be argued that comparison of the dynamic response of a beam with resonators to
that of a beam without resonators is not strictly accurate, since the addition of resonators
to the beam increases its inertia. In order to demonstrate that the observed wave
attenuation bandgap is not due to the increase in inertia of the system, and in order to
compare the sandwich beam with an equivalent mass beam, a sandwich beam with fixed
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masses instead of resonators was modeled. Figure 3.8 shows a comparison of the
frequency response function for the beam with resonators and the beam with fixed
masses. It can be seen that no wave attenuation bandgap can be observed for the beam
with fixed masses.
3.4

Conclusions

Frequency response functions for a beam with resonators and a beam without resonators
are obtained by performing steady-state vibration experiments. The existence of a wave
attenuation bandgap due to the insertion of resonators inside the sandwich core is
demonstrated. Finite element models are used to validate experimental results. Using
numerical analysis, the frequency response function of a beam with resonators is
compared with the frequency response function for an equivalent mass beam and it is
shown that the presence of the bandgap is due to the insertion of the resonators inside the
core. Thus, the idea of improving the dynamic behavior of sandwich structures by
insertion of resonators into the core is experimentally validated.
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CHAPTER 4. HULL SLAMMING AND ANTIRESONANCE

4.1

Introduction

The use of sandwich structures is slowly gaining popularity in the marine industry. Their
low weight compared to an equivalent metallic structure, high stiffness and cost
effectiveness as compared to other composite structures make them extremely attractive
for building large vessels and other marine structures. For example, the Swedish corvette
Visby is the largest commercial or combatant ship hull entirely constructed using carbon
fiber reinforced plastics (CFRP) using a sandwich construction with a polyvinyl chloride
(PVC) foam core and vinyl ester resin [5].
During the design of a marine vessel, one area of major concern is wave and hull impact
loads. As the vessel picks up speed and slams against the water surface, a pressure pulse
is generated which travels along and across the hull. This pulse is characterized by a short
rise time followed by a gradual decay. Typically, such pulses occur repeatedly at a low
frequency and vessels are generally subjected to a significant number of such hull
slamming loads over the duration of their operating lifetime [60]. Significant hull
slamming loads can lead to catastrophic damage or in some cases cause fatigue failure of
the hull.
Another source of damage to a structure is the excessive motion during resonances. One
common method to avoid excessive motion is the use of tuned vibration absorbers [61 -
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64]. The idea behind such devices is to use a supplementary resonating element with its
resonance frequency tuned to the global resonance frequency of the structure. This
induces an antiresonance frequency [63] which restricts the motion of the structure. For
large marine structures, structural resonances may occur at very low frequencies and can
lead to significant damage if they coincide with the loading frequency.
In this chapter, the use of resonators embedded into the sandwich core is demonstrated as
a viable method to attenuate periodic loads such as hull slamming loads. This is done by
experimentally demonstrating the existence of a low frequency bandgap induced by
inserting resonators into the core. Additionally, it is demonstrated that excessive
vibrations occurring due to structural resonances can be attenuated by choosing the local
resonance frequency to coincide with the structural resonance frequency.
4.2
4.2.1

Hull Slamming
Introduction

In order to suppress the vibrations induced due to hull slamming loads, Chen and Sun [44]
suggested the use of sandwich structures with internal resonators. Using finite element
simulations, they demonstrated that by inserting resonators into the core of the sandwich
beam, narrow banded periodic hull slamming loads can be efficiently attenuated. In this
section, the concept of creating a wave attenuation bandgap for low frequency periodic
loads is experimentally verified. The frequency response function for a beam with
resonators tuned at a low frequency is compared with the frequency response of a beam
without resonators and an existence of a low frequency bandgap is demonstrated.
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4.2.2

Sandwich beam construction and experimental set-up

To demonstrate the existence of a low frequency bandgap, a sandwich beam with local
resonators tuned at 12Hz is constructed. A closed cell, Polyisocynurate foam of density 6
lbs/ft3, called Elfoam, is used as the sandwich core. A 2” foam core board is cut into 1” x
30” beams into which 29 holes are drilled periodically to accommodate the resonators.
The facesheets are made using IM7/8552 composite laminates with stacking sequence
[02/902/02]. The resonators are manufactured using commercially available springs and a
copper rod machined to use as the mass element. The spring constant and mass, given in
Table 4.1 are chosen in order to obtain a local resonance frequency of 12 Hz. In order to
allow reuse, the resonators are inserted into a plastic tub and sealed using plastic caps.
The sandwich beam components and an individual resonator are shown in Figure 4.1.
After inserting the resonators into the sandwich core, the facesheets are glued onto the
core surfaces by using commercially available Epoxy. For comparison, another sandwich
beam without any resonators inside the core is manufactured using the same materials.
Table 4.1 shows the material constants and dimensions, while the effective Timoshenko
beam material parameters are given in Table 4.2

Ef (GPa)

hf (m)

85.42

1.2e-3

4

EI (Pa m )
3463.04

Table 4.1 Material constants and dimensions
hc(m)
b(m)
a(m)
k1(N/m)
m1(kg)
5.08e-2

0.025

0.025

42.04

Table 4.2 Effective beam properties
GA (Pa m2)
ρA(kg/m)
5320

0.2161

12.4e-3

G (MPa)
4

ρI(kg m)
8.9e-5
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Figure 4.1 Individual resonator and sandwich beam components

Figure 4.2 Experimental setup

Figure 4.2 shows the experimental set-up. The sandwich beam is excited at its midpoint
using an electro-dynamic shaker, ET-140, powered using a power amplifier, PA-141,
manufactured by Labworks Inc. The two ends of the beam are kept free while the beam is
attached to the shaker using the attachment as described in chapter 3. The input force
signal is measured using a PCB 208A02 load cell, mounted between the shaker and the
beam. The output accelerations are measured using an accelerometer, B&K 4507B,
mounted on the beam using a double sided mounting tape. The input waveform is
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generated using the waveform generator HP 33120A. A custom Labview interface is used
to collect all the interface data which is then processed using Matlab. The frequency
response function, Hv, is obtained using the details mentioned in chapter 3. To increase
coherence and to minimize random noise in the signal, 200 averages are taken in each test.
A slow sine sweep test is conducted to obtain the frequency response functions for the
two beams, with a waveform generator used to sweep between 0.1 Hz to 100Hz. To
minimize distortion effects due to sweep rate, sweep rate as prescribed by [65] is used.
Figure 4.3 shows the frequency response functions for the beams with and without
resonators. A clear dip corresponding to the local resonance frequency of 12 Hz is seen
for the beam with resonators while no such bandgap can be seen for the beam without
resonators.

(a)

(b)

Figure 4.3 Frequency response function for beam (a) with resonators and (b) without
resonators

In order to validate the experimental results, finite element models simulating the
experiment are created using ABAQUS. The sandwich beams are modeled using
Timoshenko beam elements (B21) with a meshed cross-section, as described in chapter 2.
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The steady state experiment is simulated by applying a unit force at the mid-point of the
beam and obtaining the accelerations 1 inch away from the actuation point. In order to
account for damping, a global structural damping factor of 0.1 is applied to the model.
Also, the mass of the accelerometers and the fixture attaching the beam to the shaker are
accounted for by adding mass to the appropriate nodes. The comparison of the
experimental results with the numerical results is shown in Figure 4.4. A good match is
obtained between the two.

(a)

(b)

Figure 4.4 Comparison of (a) experimental and (b) numerical response function for beam
with resonators

Thus, for narrow banded periodic loads such as those associated with hull slamming,
introduction of local resonators inside the sandwich core is a viable strategy.
4.3

Suppressing motion of sandwich structures using antiresonance frequencies
4.3.1

Introduction

Over the last century, dynamic vibration absorbers have been routinely used to reduce or
suppress the vibration of harmonically excited systems. The first use of vibration
absorbers can be traced as far back as 1883 in a paper by Watts [66]. This was followed
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by Frahm [61] in 1909. However, it was only in 1928 that the first mathematical
treatment of the concept of vibration absorbers was given by Ormondroyd and den
Hartog [62], who demonstrated that a vibration suppression band can be obtained by
attaching a spring-mass system to the primary structure. Significant research has been
conducted since then, with researchers proposing the use of various damping mechanisms
[67] to increase the effectiveness of a chosen vibration absorber.
A common use of vibration absorbers is to protect a structure against resonance
frequencies of a structure which might coincide with the loading frequencies. For
example, if the hull slamming frequency that a marine vessel is subjected to during
motion coincides with a structural resonance mode it might cause excessive vibrations
leading to structural failure. Despite the obvious disadvantage of a very narrow vibration
suppression band, the concept of vibration absorbers is still extremely useful to protect
structures by reducing the motion at a given resonance frequency.
Using the principle of the vibration absorber, Chen and Sun [44] have recently studied
the possibility of adding resonators with proper resonance frequencies in sandwich
structures for suppressing the resonance of the structure. Using a two degree of freedom
model, they have shown that if the driving frequency is close to the antiresonance
frequency of the whole system, the resonator masses generate an equal but opposite force
to the driving force and suppress the overall motion of the sandwich structure. In this
section, we demonstrate this effect experimentally by inserting local resonators tuned to
the first global resonance mode of a sandwich beam and demonstrating the existence of
the antiresonance point which helps suppress the resonance frequency of the sandwich
beam.
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4.3.2

Experimental set-up

A sandwich beam is constructed to demonstrate the concept of attenuating its first global
resonance mode by inserting resonators. The sandwich beam is designed in such way to
allow the use of the same spring mass resonators as used in section 4.1. Recall that the
local resonance frequency for the resonators is 12 Hz. The beam material and geometrical
parameters are selected to obtain a resonance frequency close to 12 Hz for the beam.
Based on theoretical analysis [44], a 1.98 m long beam is constructed using the same
foam core as last section (Elfoam), with 29 resonators inserted into it. Polycarbonate
facesheets are used in order to obtain the correct resonance frequency. The dimensions
and material constants are given in table 4.3, while the effective beam properties are
listed in table 4.4. The same experimental set-up as section 4.1 is used. However, the
boundary conditions are changed from free-free to simply supported at both ends.

Ef (GPa)

hf (m)

3.2

3.17e-3

4

EI (Pa m )

Table 4.3 Material constants and dimensions
hc(m)
b(m)
a(m)
k1(N/m)
m1(kg)
5.08e-2

0.025

0.025

42.04

Table 4.4 Effective beam properties
GA (Pa m2)
ρA(kg/m)

368.708

5715
4.3.3

0.3092

12.4e-3

G (MPa)
4

ρI(kg m)
16.218e-5

Results and discussions

Figure 4.5 shows the frequency response function for the simply supported beam excited
at the midpoint. According to calculations, the first resonance mode is expected to occur
at 12 Hz. However, an antiresonance point is instead obtained for the beam at 12 Hz due
to the insertion of local resonators tuned to the first global resonance mode. In
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accordance with previously reported results [44], this dip is accompanied by two peaks at
8.6 Hz and 18 Hz, respectively. Theoretically, the effect of these peaks can be reduced by
adding tuned mass dampers to the system [63].

Figure 4.5 Frequency response function for beam with resonators

Figure 4.6 Comparison of numerically obtained frequency response functions for beams
with and without resonators
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Finite element simulations are performed to validate the experimental results. The
sandwich beam is modeled as described in the previous section. In order to clearly see the
effect of the resonators, a beam without resonators is also simulated and the frequency
response functions for the two beams are compared in Figure 4.6. For the beam without
the internal resonators, a resonance peak is obtained at approximately 12.5 Hz. Due to the
insertion of resonators tuned at 12Hz, this global resonance is suppressed and is instead
split into two peaks as observed in the experiments. Thus, the global resonance mode of
the sandwich beam can be suppressed by inserting resonators inside the core, however, it
should be noted that this causes the appearance of two resonance-like peaks near the
antiresonance point.
4.4

Conclusions

The possibility of using sandwich beams with spring-mass resonators embedded into the
core for attenuating periodic loads such as those encountered during hull-slamming is
investigated. Based on the numerical work done by [44], experiments are performed to
demonstrate that a low frequency wave attenuation bandgap can be induced by inserting
resonators into the sandwich core. Though narrow banded, such a bandgap can be
effectively used to attenuate periodic loads. The use of local resonators to reduce the
excessive vibrations caused due to global resonances is also studied. By tuning the local
resonance frequency to coincide with the first global resonance mode of the sandwich
beam, an antiresonance frequency was induced. Such an antiresonance behavior reduces
the overall vibrations of the sandwich beam. Thus, by properly choosing resonators to
coincide with the resonance modes, such resonance modes can be effectively suppressed.
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CHAPTER 5. SANDWICH BEAM SUBJECTED TO IMPACT LOADS

5.1

Introduction

Impact damage due to foreign objects is an important design criterion while designing
most structures. Common causes of low velocity impact damage can range from careless
handling during maintenance to hail and bird strikes. Impact induced damage can
significantly reduce the strength and durability of a structure, and composite structures,
which gain their strength primarily through alignment of fibers may be irreparably
damaged due to such impacts. Thus, it is extremely important to understand the dynamic
behavior of structures under impact loads.
Due to its importance, significant research has been conducted in the field of impact
behavior of sandwich and composite structures. The breadth of this research can be noted
from the two review papers written by Abrate [68 – 69], who reviews approximately 600
published papers on the topic of impact of composite structures. The recent surge in
research in this topic is evident since only 25 of those papers reviewed were published
before 1989. Most of the papers published deal with matrix cracking and fiber breakage,
or with delamination in the impacted facesheets. For instance, Wu and Sun [70]
investigate the core yielding, face sheet matrix cracking and delamination due to impact
of sandwich beams with carbon/epoxy facesheets and PMI (polymethacrylimide) cores.
More recently, Hutchinson and Xue [71] demonstrated the potential for superior strength
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and energy absorbing capacity of sandwich plates compared to solid plates having the
same mass. Jackson and Shukla [72] conducted an experimental study to examine the
blast performance of sandwich composites. They observed that impact damage from high
velocity projectiles was most prominent on the exit face sheet, while the damage to the
core and the impact face sheet, in the form of a hole was minimal in comparison.
Impact loadings differs from the loadings considered in the earlier chapters in that they
are short duration loads and are thus broad banded in nature. A typical impact generated a
wide frequency spectrum, all of which contribute to the behavior of the system. So far it
has been shown that local resonators tuned depending on the loading frequency are
capable of attenuating the loads and thus improving the dynamic behavior of the
sandwich structure. The purpose of this chapter is to explore the use of such a concept to
attenuate impact loads. Finite element models are used to study the wave attenuation
behavior of sandwich beams with internal resonators subjected to impact loads, and their
responses are compared with an equivalent beam without resonators. The effect of the
resonator frequency on a given impact load is studied. The behavior of a chosen internal
resonator under different impact loads is also considered. Transverse impact experiments
are performed to verify the finite element models and to experimentally demonstrate the
advantage of using local resonators.
5.2
5.2.1

Numerical Analysis
Finite Element Modeling

Finite element simulations are performed to investigate the effect of internal resonators in
a sandwich structure subjected to an impact load. Sandwich beams with resonators
uniformly distributed throughout the length of the beam are modeled with the impact load
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applied at the center of the beam. To capture the propagating wave effects and avoid
reflections, a 100 m beam is modeled with symmetry conditions applied at the left end
and the right end kept free, thus effectively simulating a 200 m long centrally loaded freefree beam.
Planar Timoshenko beam elements with linear interpolation (B21) provided by the
commercial code Abaqus are used to model the sandwich beam. Each element is assigned
a general beam section with bending rigidity, shear rigidity, rotary inertia, and mass per
unit length as given in Table 5.1. A unit cell length of 0.025 m is chosen and five
elements are used to model each unit cell. The resonators are discretely attached to the
beam element, with the resonator masses modeled as point masses. To avoid round-off
errors due to the large number of increments, linear explicit analysis with double
precision is carried out using Abaqus/Explicit. It should be noted that no damping is
assumed in any of the numerical simulations.
Table 5.1 Dimensions and material constants of specimen
hf (m)
hc(m)
b(m)
a(m)
G(Mpa)

Ef (GPa)
68.9

1.588e-3

4

EI (Pa m )
3.7501e3

0.0508

0.0254

0.025

Table 5.2 Effective properties of the sandwich beam
GA (Pa m2)
ρA(kg/m)
2.6988e+04

0.3363

20.0

ρI(kg m)
1.7318e-4

The effect of resonators on attenuating the impact load is assessed by comparing it with a
sandwich beam of equivalent mass. Such a beam can be modeled in two different ways.
The first method is to add the mass of the resonators to the mass per unit length assigned
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to the beam element, while the second method is to instead replace the resonators with
equivalent point masses. For the purpose of this analysis, the latter method is chosen due
to the added advantage of being able to replicate the periodicity of the local resonators.
The unit size length, beam material properties, mesh size, and the boundary conditions
are kept the same.
The effect of the local resonance frequency of the resonators on a given impact load is
studied by subjecting the beam to a given impact load and varying the local resonance
frequency. The impact is modeled as a smooth triangular pulse of duration 1 ms. The
local resonators are tuned to a specific resonance frequency by varying the resonator
spring stiffness while keeping the mass constant. The mass is kept constant at 23 grams
for all the cases analyzed in this study. The resonator frequencies analyzed for this case
are 600 Hz, 1000 Hz and 2000 Hz. The associated spring constants are given in Table 5.3.
The effect of a fixed local resonance frequency on impact loads of different durations is
also analyzed. The resonators are tuned to a resonance frequency of 600 Hz while three
impact loads of duration 4 ms, 2 ms and 1 ms are studied. Impact loads are chosen so that
the maximum frequency associated with the impacts are 1000 Hz, 2000 Hz and 4000 Hz,
respectively. The impact loads and their frequency spectrums are shown in Figure 2a and
2b, respectively.
5.2.2

Results and Discussions

The effect of local resonators on the impact load attenuating behavior of a sandwich
structure as compared to a beam of equivalent mass is studied. The impact consists of a
smooth triangular pulse of duration 1ms and maximum frequency content of 4000 Hz, as
shown in Figure 5.1a and 5.1b respectively. In order to understand the effect of different
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local resonance frequencies on a given impact load, three different resonator frequencies,
600 Hz, 1000 Hz and 2000 Hz, are analyzed.

(a)

(b)

Figure 5.1 (a) Impact load history; (b) frequency spectrum of impact load

Figure 5.2 shows the resultant bending strains in the beams as measured 2 m away from
the impact location. It should be noted that the choice of beam length ensures that no
reflections are present in the results shown. For comparison, the bending strain for an
equivalent mass beam is also plotted.
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Figure 5.2 Bending strain comparison of beams with resonators tuned at different
frequencies and beam with fixed mass

The strains in the beam with the resonators can be seen to be reduced as compared to the
beam without the resonators. As explained in previous chapters, this is due to the energy
absorption associated with the motion of the resonator masses. No such energy
absorption mechanism is available for the beam without the resonators. Among the three
resonators chosen, it can be seen that, overall, the 600 Hz resonators provide better
attenuation than 1000 Hz and 2000 Hz. It should be noted that since the system is
dispersive and due to the difference in wave speeds of the systems, the percent reduction
in amplitude is difficult to judge and only a qualitative conclusion can be accurately made.
For the given impact load and as measured 2 m away from the impact location, the
resonators tuned to 600 Hz offer the best performance by attenuating the wave by
approximately 26%, followed by the 1000 Hz resonators at 21% and the 2000 Hz
resonators at about 11%. This can be explained by looking at the frequency transform of
the measured strains.
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Figure 5.3 Frequency spectrum of bending strains as measured 2 m away from point of
impact
Figure 5.3 shows the frequency transform of the strains shown in Figure 5.2. For a typical
impact load, as seen from the frequency spectrum of the input wave, the lower frequency
content is considerably greater than the higher frequency content. The bandgaps for the
individual resonators can be clearly seen in Figure 5.3. The 600 Hz resonators attenuate
the waves between 535-1131 Hz; the 1000 Hz resonators create a bandgap between 8521872 Hz; while the 2000 Hz resonators attenuate the waves above 1422 Hz. Thus, due to
the nature of the impact load, though the higher frequency resonators offer larger
bandgaps, the lower frequency resonator offers a much better performance by attenuating
more of the lower frequency content. However, it should be noted that the bandgap width
reduces considerably as the resonance frequency reduces and thus simply tuning the
resonators to a lower frequency does not give the optimum wave attenuation
characteristics. This can be seen in Figure 5.4 where it can be seen that the 600 Hz
resonators reduce the strain more effectively than the 100 Hz resonators. Thus, there
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exists a particular optimum local resonance frequency which would give the best
performance, which may be found using an optimization routine.
The effectiveness of a given resonator frequency under different impact loads is also
studied. For the purpose of this study, the resonators are tuned at 600Hz and the effect of
three different impact loads is analyzed. The chosen impact loads and their frequency
transforms are shown in Figure 5.5. It should be noted that the magnitude of the impact
force is kept constant for all three cases, but due to the difference in their durations the
energy content of the three pulses is different as can be seen from Figure 5.5b.

Figure 5.4 Bending strain comparison for beams with resonators tuned at 100 Hz and 600
Hz, respectively
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(a)

(b)

Figure 5.5 (a) Comparison of impact force histories; (b) comparison of frequency
spectrum of the impact forces

Figures 5.6, 5.7 and 5.8 show the strains measured for the sandwich beams subjected to
impact loads of duration 4ms, 2ms, and 1ms respectively. It can be seen that the 600 Hz
resonators are more effective in attenuating loads with higher frequency content. This can
be explained by looking at the frequency spectrum of the input load. From the previous
analysis, it is known that the wave attenuation bandgap created due to the 600 Hz
resonators extends from 535 Hz to 1131 Hz. Thus, the chosen resonators attenuate a
wider spectrum of frequencies for pulses of duration 1 ms and 2 ms as compared to a 4
ms pulse. Thus, while choosing a resonator frequency it is also important to consider the
kind of impact loads expected to be encountered by the structure.
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Figure 5.6 Comparison of bending strains for sandwich beams subjected to an impact
load of duration 4 ms

Figure 5.7 Comparison of bending strains for sandwich beams subjected to an impact
load of duration 2 ms
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Figure 5.8 Comparison of bending strains for sandwich beams subjected to an impact
load of duration 1 ms

5.3
5.3.1

Experiments

Experimental setup and method

Impact experiments are performed to demonstrate the effectiveness of internal resonators
for attenuating impact loads and to validate the finite element models used in the previous
section. To reduce the effect of reflections in the experiment, a 72” long sandwich beam
with rectangular cross-section of height 2” and width 1” is manufactured as explained in
chapter 2. The facesheets are made using Aluminum 6061 while the sandwich core
consists of Elfoam 600 with 71 holes drilled through the thickness periodically in order to
insert the resonators. The resonators mass consists of 1” long copper rods which are
turned down using a lathe to a diameter of 0.42” to obtain a final mass of 23 grams. In
order to obtain local resonance frequencies of 100 Hz and 300 Hz, springs of appropriate
stiffness are obtained from Century Spring Corp, and are bonded to the mass using epoxy.
In order to maximize the effect of the resonators, they are inserted as a group, i.e., all the
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100 Hz resonators are inserted into the left half of the beam, while the 300 Hz resonators
are inserted into the right half of the beam. The effective shear rigidity of the sandwich
beam with the Elfoam foam-core and embedded plastic casings is evaluated using a three
point bending test [58]. The dimensions and the material properties are summarized in
Table 5.1 and 5.2. The thickness of the face sheet and that of the core are denoted by hf
and hc, respectively, and the width of the beam is denoted as b.
To compare the results of the beam with resonators, two more beams are manufactured:
one with the same total mass as the beam with resonators, and one without the added
mass. For the beam with the same mass, the copper rods are bonded to the plastic caps of
the tubes using epoxy and inserted periodically into the beam similar to the beam with
resonators. For the beam without the added mass, empty resonator casings are inserted
into beam core periodically.

(a)

(b)

Figure 5.9 (a) Experimental setup; (b) schematic of force input and strain output locations

Figure 5.9a shows the experimental set-up. The sandwich beams are simply supported 1”
away from both ends. The input force is generated and measured by manually impacting
the beam with a PCB 086C03 impact hammer. Figure 5.10 shows ten different impacts
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generated by this method. It can be seen that though the magnitude of the impact force
varies in the impacts shown, the pulse shape and duration obtained for each impact are
extremely close. The bending strains along the beam are measured using 1000 Ω strain
gauges mounted in a balanced full bridge configuration to obtain the best strain resolution.
In order to avoid a very short impact pulse, a small 0.125” thick rubber piece is stuck to
the upper facesheet at the point of impact. All three beams are impacted 15” inches away
from the right-end while the strain signals are measured 42” away from the impact point,
as shown in Figure 5.9b. The strain signals are amplified using an amplifier with a
voltage gain of 500 and a low-pass filter tuned at 6400 Hz.

Figure 5.10 Comparison of different impact histories generated using the impact hammer

The obtained experimental results are compared against FE models. The sandwich beams
used in the experiments are modeled as described in section 5.2. The experimentally
measured input force is used as the input for the FE models while the strains are
measured at the same location as the experiments.
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5.3.2

Results and Discussions

Figure 5.11a shows the input force generated by the impact hammer on the three beams.
A force of magnitude 340 N is generated for all three cases. The impact for the beam with
resonators is approximately 4.2 ms long while for the other two cases a shorter pulse of
3.5 ms duration is generated. A comparison of their frequency spectrum is shown in
Figure 5.11b. It can be seen that the magnitude of the frequency spectrum for the force
generated due to impact with the beam with resonators is a bit higher for the lower
frequencies (< 200 Hz) as compared to that for the other two beams. Thus, the input
energy imparted to the beam with resonators is more than that for the other two beams.

(a)

(b)

Figure 5.11 (a) Comparison of input forces generated on the three beams; (b) comparison
of their input frequency spectrum

The strains measured from the experiments are compared with the numerical results in
Figure 5.12, 5.13 and 5.14. It should be noted that due to the length of the beam and the
dispersive nature of the waves, there are reflections included in the measured results. For
this discussion, we thus restrict ourselves to the initial part of the strain signal which has
the least reflections included in it.
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Figure 5.12 Comparison of experimental and numerical strains for beam without
resonators

Figure 5.13 Comparison of experimental and numerical strains for beam with fixed mass
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Figure 5.14 Comparison of experimental and numerical strains for beam with resonators

A good match can be observed for the experimentally measured strain signals and the
numerical results. However, some discrepancies may be noticed between the two. An
important difference between the numerical model and the experiments is that damping
has been ignored in the numerical models. The effect of this assumption can be readily
seen on the amplitude of the strain signals measured experimentally and as predicted by
the numerical model. The amplitude of the experimentally measured strain signal can be
seen to diverge from the numerical result with increasing time, while the numerical
results do not show such a decrease. It should be remembered that a sandwich beam is a
complex system and has various sources of damping and nonlinearity which are not
included in the model. Epoxy was used to bond the facesheets with the foam which
would be expected to add to the material damping. Also, the casings enclosing the mass
and the resonators are made using plastic and are not perfectly elastic, thus leading to
some difference in the wave propagation behavior. In the analysis it has been assumed
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that the sandwich core is perfectly elastic which is not strictly true. Another source of
discrepancy between the two results is the boundary conditions used for the experiments.
The beam is simply supported by fixing it between two rollers mounted on a frame
attached to the vibration table. The mounting of the beam between the two rollers causes
local deformation while also partially restricting the rotation of the beam around the
rollers. Thus, the boundary condition is more complicated than a simple support, which
causes the reflections to be different from as predicted by the simply supported
assumption.
For the beam with resonators, the maximum strain measured experimentally can be seen
to be approximately 11% greater than that obtained numerically. It is assumed that all the
local resonators resonate at the expected resonance frequencies. However, in reality this
is not the case. Due to slight variation in the individual spring stiffness, and due to the
possible friction between the copper mass and the casing interior, the resonance
frequencies of the local resonators are spread over a range of frequencies close to the
targeted local resonance frequency which reduces their effectiveness.
Figure 5.15 and 5.16 compare the strains obtained experimentally and numerically,
respectively. The strains obtained for the beam with the resonators and with the fixed
masses are significantly lower than the strain for the beam without any added mass. This
can be explained by the additional inertia of the heavier beams. There is a small reduction
in strain for the beam with resonators as compared to the beam with fixed masses;
however the reduction is not as significant as obtained by the numerical results in the
previous section. As explained earlier, this is due to imperfections in the local resonators
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coupled with the additional energy input into the beam with the resonators as can be seen
from the frequency spectrum of the input forces.

Figure 5.15 Comparison of strains measured experimentally

Figure 5.16 Comparison of strains obtained by finite element simulations

In order to obtain a better comparison between the impact wave behaviors of the three
beams, simulations are performed for the three beams using the same input force for all
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three. The impact force used is the force measured experimentally for the beam with
resonators. Figure 5.17 shows the strains obtained at the same location as measured in the
experiments. It can be seen that for the same input force, given that all the resonators
resonate at the same frequency and in absence of damping, the beam with resonators is
far more effective in attenuating the flexural waves as compared to the beams without the
resonators.

Figure 5.17 Comparison of numerically obtained strains for the three beams subjected to
the same impact history

5.4

Conclusions

The ability of sandwich beam with internal resonators to attenuate broad spectrum impact
loads is analyzed. Finite element models are used to show that beams with resonators
inserted in the core are more effective in attenuating impact loads than an equivalent
beam without resonators. It is shown that the choice of the resonators depends on the
impact load duration and its frequency content. For a given impact, the design of local
resonators can be optimized by looking at the frequency content of the impact wave and
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the bandgap width generated by the local resonators. Transverse impact experiments are
performed to verify the numerical results and to demonstrate the effectiveness of the
resonators. A good match between the numerical results and the experiments is obtained.
Thus, it is shown that sandwich beams with resonators can be used to better attenuate
impact loads and for applications requiring blast load mitigation.
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CHAPTER 6. EFFECT OF RESONATOR PERIODICITY ON BANDGAP
STRUCTURE

6.1

Introduction

A periodic structure is defined as a structure made using identical elements, coupled
together in an identical fashion to form the complete structure [56]. A number of natural
and manmade structures exhibit periodicity, some at the macro level, while others at a
micro level, and hence the effect of such periodicity has been a topic of interest for a very
long time.
In his book on wave propagation in periodic structure, Brillouin [45] indicated that the
first work in this field may be attributed to Newton in 1686 who tried to derive a formula
for velocity of sound in air. Since then, various researches such as John and Daniel
Bernoulli, Euler, Lagrange, Floquet, Baden-Powell, Kelvin, Rayleigh, Bloch, and
Brillouin himself, have made important contributions to the understanding of the dynamic
behavior of periodic structures. The interest in this topic in the early 1900’s was
generated by the problem of understanding the effect of periodicity on electrical
transmission lines and electrical and mechanical filters [45].
Interest in the effect of periodicity on engineering structures was generated sometime in
the mid 1900’s. In 1953, Cremer and Leilich [73] showed that flexural waves can
propagate only in certain frequency ranges for a periodically loaded beam. In 1966,
Ungar [74] studied the same problem from a more general point of view. In 1968, Sun,
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Achenbach and Hermann [75] derived the exact elasticity solution for the dispersion
curves of a bi-material layered medium. The same authors also proposed an approximate
continuum theory to describe dispersion in complex structures and proposed the concept
of an effective stiffness [76]. Starting in 1970 [47] and over the next 20 years, Mead
published a series of papers on the problem of free wave propagation and vibration of
periodic systems such as periodically supported beams. The work done on understanding
the dynamic behavior of continuous periodic structures at the University of Southampton
between 1964 and 1995 is reviewed and summarized by Mead in his 1996 review paper
[50].
The advent of metamaterials and phononic bandgap materials in the late 1990’s has
rekindled the interest in periodic systems. While analyzing such materials, the unit cell
approach is regularly used. This, inherently, introduces a periodicity into the system and
it becomes important to analyze its effect on the behavior of the system. In chapter 2, the
phased array approach was used to find the dispersion behavior of sandwich beams with
resonators periodically embedded into the core. It was shown that the periodicity of the
resonators introduces additional bandgaps which were not reported in the earlier work
[51]. In this chapter, the effect of this periodicity is studied further. The effect of the
resonator properties on the Bragg bandgaps is first analyzed. This is followed by
demonstrating that the bounding frequencies of the bandgaps can be related to the modal
frequencies of a unit cell and the relationship between the unit cell type, boundary
conditions and the bounding frequencies is obtained. The interaction between the local
resonance bandgap and the periodicity bandgap is then analyzed using the phased array
method and the results are verified using finite element simulations.
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6.2

Effect of resonator periodicity

The propagation constant for a sandwich beam with periodically placed resonators is
evaluated using the phased array method. The beam parameters are given in table 6.1.
The resonator mass is assumed to be 25 grams and the spring stiffness is chosen as
2.46x105 N/m to obtain a local resonance frequency of 500 Hz. Multiple ways of plotting
the propagation constant are prevalent in literature [45-53]. Since the emphasis in this
study is on the wave attenuation obtained due to the periodicity, the method chosen by
[57] is used to plot the data.
The real (phase) and the imaginary (attenuation) part of the propagation constant for
different resonator periodicity are plotted in Figure 6.1b-d. For comparison, Figure 6.1a.
shows the propagation constant for a beam without resonators. For convenience of
representation, the phase information is shifted by π. In order to ensure that the
Timoshenko beam representation for the sandwich beam remains valid, the highest
frequency used in this analysis is restricted to 3000 Hz. It should be remembered that the
results obtained by this analysis at higher frequencies are valid for a Timoshenko beam,
however, they may not be valid for a sandwich beam.
EI (Pa m4)
759.375

Table 6.1 Effective Timoshenko beam properties
GA (Pa m2)
ρA(kg/m)
625

0.1663

ρI(kg m)
2.4409e-5
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(a)

(b)

(c)

(d)

Figure 6.1 Propagation constant behavior for beams with (a) no resonators; and beams
with resonators placed with periodicity (b) L = 0.01 m; (c) L = 0.025 m; (d) L = 0.05 m

Figure 6.1a shows the propagation constant obtained for a beam without resonators. It
can be seen that no attenuation zones are obtained for such a beam. In accordance with
the Timoshenko beam theory, the rotational mode cuts on at approximately 805 Hz,
which serves as another check on the accuracy of the analysis. Figure 6.1b-d show the
band structure for beams with three different resonator spacing’s. Within the frequency
region under consideration, two different kinds of bandgaps can be clearly seen. Firstly, a
bandgap emerges around the local resonance frequency. Similar to the results shown in
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Chapter 2, the width of this band can be seen to decrease with an increase in the resonator
spacing. The attenuation due to the insertion of resonators tends to infinity at the local
resonance frequency, signifying that the input energy is completely absorbed by the local
resonators at their resonance frequency. It can be seen that the cut-off frequency for this
bandgap is more affected by the resonator spacing than the cut-on frequency. Thus, the
asymmetric nature of the bandgap is affected by the resonator spacing. When the
resonators are closely spaced the local resonance bandgap is spread mostly beyond the
local resonance frequency, while when the resonators are placed at a greater distance the
bandgap is spread more towards the frequencies below the local resonance frequency.
As the distance between the resonators is increased, Bragg-type bandgaps can be seen to
emerge at frequencies above the local resonance frequency. These bandgaps are created
due to the periodicity of the resonators. As opposed to the local resonance bandgaps, the
attenuation associated with the periodic bandgap does not tend to an infinite value. Also,
due to the periodicity, multiple attenuation zones are obtained. The magnitude of the
maximum attenuation associated with each individual gap and the bandgap width can be
seen to decrease with increasing frequency. As expected, as the distance between the
resonators is increased the periodic bandgap tends to move towards the lower frequency.
The finite element method as described in chapter 2 is used to verify the analytical results.
Figure 6.2 shows a comparison of the numerical and analytical dispersion curves
obtained for a sandwich beam with resonators placed with periodicity L=0.02 m. The
resonator mass is chosen to be 20 grams and the local resonance frequency is fixed at 500
Hz. It can be seen that the dispersion curves obtained using the two methods match
exactly. A slight deviation is noticed for the third branch which is due to the loss of
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accuracy for a given mesh size with an increase in frequency during the finite element
analysis.

Figure 6.2 Comparison of finite element and analytical solutions

Transient simulations are performed to further verify the attenuation of harmonic waves
in the wave attenuation bandgaps. Abaqus/Explicit is used to perform a harmonic wave
propagation simulation for a 20 m long version of the above beam. The length of the
beam is chosen so as to capture the wave effects and to avoid interference due to
reflections. A single frequency harmonic displacement is applied as the input at the left
end of the beam, while the right end is kept free. In order to obtain good fidelity, a double
precision analysis is employed and each unit cell is modeled using ten Timoshenko beam
elements. The displacement histories for different loading frequencies obtained 0.8 m
away from the input end are plotted in Figure 6.3. For clarity, the y-axis scale is kept the
same for all the cases.

77
Five different input displacement frequencies are chosen in order to obtain the wave
behavior in the five different zones shown in Figure 6.2. Figure 6.3b, d and f show the
wave propagation behavior for an input wave of 200 Hz, 1250 Hz and 2500 Hz,
respectively. Since these frequencies lie in a pass band, no wave attenuation is obtained
and after an initial transient part the displacement output shows a steady state magnitude
equal to the input. The wave behavior for input frequencies of 600 Hz and 1875 Hz, both
of which lie in the wave attenuation zones, is shown in Figure 6.3 c and e, respectively.
As expected in an attenuation zone, the output displacement magnitude is extremely
diminished as compared to the input displacement. Thus, wave attenuation bandgaps
exist in the regions shown in Figure 6.2.
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(a)

(b)

(c)

(d)

(e)
Figure 6.3 Transient response of beams with resonators tuned at 500 Hz subjected to
input displacements at the frequencies: (a) 200 Hz; (b) 600 Hz; (c) 1250 Hz; (d)1875 Hz;
(e) 2500 Hz
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6.3

Representation of bounding frequencies

While analyzing the wave propagation behavior of a structure, the frequencies at which
the wave attenuation gaps start and stop are of primary concerns. These frequencies are
commonly referred to as the bounding frequencies. Dispersion curves as shown in Figure
6.2 give us the complete picture of the wave propagation behavior and are a useful
analysis tool. However, it might not always be possible or desired to obtain the complete
behavior of the system and only the knowledge of the bounding frequencies might be
sufficient for the design of a system.
Previous researchers have demonstrated that the bounding frequencies of propagation
bands are actually the modal frequencies of a single symmetric unit cell with its ends
either simply supported or free [77]. For an infinite beam with periodically placed
resonators, two different unit cells may be chosen. In the first con configuration, it can be
assumed that the resonators are located at the center of the unit cell, while in the second
configuration, the resonators can be assumed to be at the ends, as shown in Figure 6.4. In
this section we use finite element simulations to better understand the relationship
between the unit cell type and its boundaries with the bounding frequencies obtained in
the dispersion curves.

(a)

(b)
Figure 6.4 Possible unit cell configurations
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An eigenvalue analysis is performed on the two unit cells shown in Figure 6.4. Two
different boundary conditions are considered. First the analysis is run for a pinned-pinned
configuration and then for a free-free configuration. The eigen-frequencies and the
corresponding mode shapes are obtained and compared with the bounding frequencies
obtained in Figure 6.2. It should be noted that the beam parameters and the resonator
properties used to obtain Figure 6.2 are also employed in this study. It is found that the
bounding frequencies in the frequency range under consideration match the modal
frequencies of three configurations as shown in Table 6.2. These are: (a) simply
supported unit cell with resonators at the ends, (b) free-free unit cell with resonator in the
center and (c) simply supported unit cell with resonator in the center. The relationship
between the bandgap bounding frequencies and the modal frequencies of these unit cells
are summarized in table 6.2, where for convenience the mode shapes of the unit cell are
also shown.
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Table 6.2 Relationship between bounding frequencies and unit cell mode shapes

Bandgap #

Bounding

Configuration

frequency type

type

Cut-on (309 Hz)

(c)

Cut-off (1056 Hz)

(b)

Cut-on (1533 Hz)

(a)

Cut-off (2162 Hz)

(c)

Cut-on (3071 Hz)

(a)

Cut-off (3479 Hz)

(b)

Mode shape

First (LR)

Second
(Bragg)

Third
(Bragg)

It can be seen that for the bandgaps occurring due to the resonator periodicity, the cut-on
frequencies always correspond to the modal frequency of a simply supported unit cell
with the resonators at the end, while the cut-off frequencies alternate between the modal
frequencies of the unit cell with resonators in the center with both its ends free or simply
supported. On the other hand, for the bandgap created due to the resonance of the spring-
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mass system, both the bounding frequencies are the modal frequencies of a unit cell with
the resonator attached in the center, with the cut-on frequency given by the simply
supported condition and the cut-off frequency given by the free-free condition.
For the unit cell with resonators at the ends, the simply supported configuration
essentially means that there is no transverse displacement of the attached points. Thus, at
the cut-on frequency of periodicity bandgaps the attachment points act as nodes and
though created due to the periodicity of the resonators, it is independent of all the
resonator parameters and dependent only on the periodicity of the system. On the other
hand, the modal frequency of the unit cells with resonators attached in the center are
affected by the resonator parameters and are not dependent only on their periodicity.
Thus, the width of the Bragg bandgaps may be tailored by choosing the appropriate
resonator parameters, while the cut-on frequency is completely dependent on the beam
material properties.
To verify these conclusions, the resonator parameters are varied and their effect on the
band structure is studied. Again, the beam parameters are chosen as given in table 6.1 and
the resonators are assumed to be inserted at a distance of 0.02 m from each other. The
local resonance frequency is kept constant at 500 Hz, however, the resonator mass is
varied to study its effect on the bandgap cut-on and cut-off frequencies. Figure 6.5 shows
the band structure obtained using the phased array method with the mass of the resonator
varied from 10 grams to 40 grams.
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(a)

(b)

(c)

(d)

Figure 6.5 Propagation constant for beam with resonator mass tuned at (a) 10 grams; (b)
20 grams; (c) 30 grams; (d) 40 grams

The effect of the resonator mass on the local resonance bandgap has been previously
studied in depth by Chen [51]. In accordance with the reported results, the local
resonance bandgap width increases as the resonator mass is increased. Since both, the
cut-on and cut-off frequency, of the local resonance bandgap are dependent on the local
resonator properties, it can be seen that both these bounding frequencies change as the
mass is increased. As the mass increases, the cut-on frequency moves to a lower
frequency while the cut-off frequency is pushed to a higher frequency. However, the cut-
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on frequency for the periodic bandgap can be seen to be independent of the resonator
mass and is the same for all the four cases shown in Figure 6.6. On the other hand, the
cut-off frequency is different for all the four cases. As the resonator mass is increased, the
cut-off frequency shifts to a higher frequency and the periodic bandgap width increases.
The attenuation magnitude can also be seen to increase with the increase in resonator
mass. Thus, the periodicity bandgap induced due to the resonator periodicity may also be
tailored by choosing the appropriate resonator parameters.
6.4

Bandgap Interaction

In the previous sections, it was shown that the periodicity of the resonators introduces
additional bandgaps. Thus, in a sandwich beam with periodically placed internal
resonators two different bandgaps exist, both of which are induced by different physical
phenomena. The natural question to ask at this stage is: Do these bandgaps interact and
can the two effects be combined in order to obtain a wider bandgap?
To analyze the interaction between the two bandgaps, the local resonance frequency is
varied and the two gaps are brought closer to each other. This can be achieved in keeping
with previous sections results where it was demonstrated that the cut-on frequency for the
periodic bandgap is only a function of the distance between the resonators and is
independent of the local resonance frequency. The phased array method is utilized to
obtain the propagation constant. The equivalent Timoshenko beam parameters given in
table 6.1 are used for all the cases. Keeping the periodicity constant (L=0.02 m), the
resonator spring stiffness is varied in order to change the local resonance frequency and
thus shift the local resonance bandgap towards the periodic gap. The resonator mass is
kept constant at 20 grams.
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(a)

(b)

(c)

(d)

Figure 6.6 Propagation constant behavior for local resonance frequency tuned at (a) 500
Hz; (b) 1000 Hz; (c) 1500 Hz; (d) 1532.6 Hz

Figure 6.6 shows the interaction between the two bandgaps as the local resonance
frequency is shifted towards the cut-on frequency of the periodic bandgap. It can be
noticed that as the local resonance bandgap moves towards the periodic bandgap, the
attenuation constant associated with the periodic gap loses its symmetry and tends to
achieve a maximum at a lower frequency as opposed to the mid-frequency. Similarly, the
local resonance bandgap tends to spread out more towards the lower frequencies as it
approaches the periodic bandgap. Figure 6.6d shows the propagation constant behavior
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when the local resonance frequency is chosen to coincide with the cut-on frequency for
the first periodic bandgap. It can be seen that the two bandgaps seem to combine.
However, a very narrow pass-band is obtained in between the two bandgaps. Thus, the
interaction between the two bandgap offers the possibility of a wider attenuation region.
Figure 6.7 compares the bandgap behaviors for four different frequency regimes. The
first regime is when the local resonance bandgap has no apparent influence on the
periodic bandgap. The second case shown in Figure 6.7b is obtained by setting the local
resonance frequency equal to the cut-on frequency of the first periodic bandgap. As
explained above, when these two frequencies match a wider bandgap interrupted by a
narrow passband is obtained. Figure 6.7c shows the bandgap behavior obtained when the
local resonance frequency is increased to coincide with a frequency inside the periodic
bandgap. In this case, a frequency of 2000 Hz was chosen. Interestingly, this causes a
change in the behavior of the system and the periodic bandgap flips around the earlier
cut-on frequency, which is now the new cut-off frequency, while the new cut-on
frequency is pushed to a lower frequency. In this particular case, the first periodic
bandgap can be seen to cut-on at 381 Hz and cuts-off at 1532.6 Hz. Figure 6.7d shows the
effect of tuning the local resonance frequency at the cut-on frequency of the second cuton frequency. It can be seen that again a very narrow pass band is obtained between the
two attenuation zones.
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(a)

(b)

(c)

(d)

Figure 6.7 Bandgap behavior for local resonance frequency tuned at (a) 500 Hz; (b)
1532.6 Hz; (c) 2000 Hz; (d) 3061 Hz

The above analysis is verified by obtaining the dispersion curve using the finite element
method. The beam with parameters as given in table 6.1 and with a resonator spacing of
0.02 m and local resonators tuned to the cut-off frequency of the first periodic bandgap is
modeled and the dispersion curves are plotted in Figure 6.8. The results obtained confirm
the existence of a narrow pass-band between two wide attenuation zones obtained due to
the local resonance and the periodicity.
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Figure 6.8 Dispersion curve obtained using finite element simulation

From Figure 6.7c and d, it is noticed that when the resonators are tuned at a frequency
which would be inside the periodic bandgap, the periodic bandgap tends to flip around its
cut-on frequency and spreads out over lower frequency regions, i.e. the cut-on frequency
obtained without any interference from the local resonance band turns into the cut-off
frequency and the band now cuts-on at a lower frequency. To verify this, the unit cell
type and mode shapes at the cut-on and cut-off frequencies are obtained using FE
simulations. The results are summarized in table 6.3. In accordance with the analytical
results, it is seen that the first periodic mode cut-on mode shape is the cut-on mode
shaped obtained earlier for the local resonance bandgap, while the cut-off frequency
mode shape is the mode shape which was earlier associated with the cut-on frequency of
the periodic bandgap. Similarly, for the local resonance bandgap, the cut-on mode shape
corresponds to the mode shape which was earlier associated with the cut-off frequency,
while the cut-off frequency corresponds to the cut-off frequency mode shape earlier

89
associated with the periodic bandgap obtained without any influence from the local
resonance frequency.
Table 6.3 Relationship between bounding frequencies and unit cell mode shapes

Bandgap #

Bounding

Configuration

frequency type

type

Cut-on (380 Hz)

(c)

Cut-off (1533 Hz)

(b)

Cut-on (1571 Hz)

(a)

Cut-off (3000 Hz)

(c)

Mode shape

First (Bragg)

Second (LR)

6.5

Conclusions

The effect of resonator periodicity on the wave propagation behavior of a sandwich beam
with internal resonators is analyzed. It is shown that in addition to the local resonance
bandgaps, Bragg bandgaps are introduced into the system due to the resonator periodicity.
Finite element simulations are used to verify the existence of these bandgaps. The
relationship between the bandgap bounding frequencies and the modal frequencies of the
unit cells are analyzed. The cut-off frequencies are found to be dependent on the
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resonator parameters and it is observed that the Bragg bandgap width can be tuned by
selecting the proper resonator properties.
The interaction between the local resonance bandgap and the Bragg bandgap is studied. It
is shown that tuning the local resonance frequency to coincide with the Bragg bandgap
cut-on frequency causes an almost combined bandgap to appear. A narrow passband
separating the two bandgaps is observed. Tuning the local resonance within the Bragg
bandgap causes the Bragg bandgap to open up at a lower frequency and the cut-on
frequency is changed into the cut-off frequency of the bandgap. Thus, a periodic bandgap
at very low frequencies is obtained. The above results are verified using finite element
simulations.
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CHAPTER 7. SUMMARY AND RECOMMENDATIONS

7.1

Summary

The dynamic behavior of sandwich structures with resonator embedded in the sandwich
core was studied. In chapter 2, Timoshenko representation of a sandwich beam was
verified. It was shown that the Timoshenko beam theory is adequate for representing the
flexural behavior of a sandwich beam at low frequencies. A phased array approach was
developed to obtain the dispersion behavior of such beams. It was shown that the
insertion of resonators inside the core causes a wave attenuation bandgap to emerge
around the local resonance frequency. Using finite element simulations, it was shown that
the phased array method offers a more complete solution as compared to the volume
averaging technique since it takes into consideration the periodicity of the resonators.
Experimental evidence for the local resonance bandgap was presented in chapter 3. A
sandwich beam with internal resonators was manufactured and steady state vibration
experiments were performed. The frequency response function of the beam was obtained
and compared with that obtained for a sandwich beam without resonators. The presence
of a vibration attenuation region was demonstrated. The experimental results were
verified using finite element simulations. The finite element simulations were also used
to demonstrate that the bandgap was not the result of the added mass by comparing the
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frequency response functions of the beam with resonators with that of a beam with
equivalent mass.
In chapter 4, the use of resonators was demonstrated as a viable method to attenuate
periodic loads such as hull slamming loads. This was done by experimentally
demonstrating the existence of a low frequency wave attenuation bandgap induced by
inserting resonators. Additionally, it was demonstrated that excessive vibrations
occurring due to structural resonance can be attenuated by choosing the local resonance
frequency to coincide with the structural resonance frequency.
Chapter 6 explores the use of resonators embedded in the sandwich core to improve the
attenuation behavior of sandwich beams under impact loads. Finite element models were
used to study the wave attenuation behavior of sandwich beams subjected to impact loads
and their behavior was compared with an equivalent beam without resonators. The effect
of the resonator frequency on a given impact load was studied. The behavior of a chosen
internal resonator under different impact loads was also considered. Transverse impact
experiments were then performed to verify the finite element models and to
experimentally demonstrate the advantage of using local resonators.
In chapter 7, the effect of the resonator periodicity is studied in greater detail. The effect
of the resonator properties on the periodicity bandgaps was analyzed. It was
demonstrated that the bounding frequencies of the bandgaps can be related to the modal
frequencies of a unit cell and the relationship between the unit cell type, boundary
conditions, and the bounding frequencies was obtained. The interaction between the local
resonance bandgap and the periodicity bandgap was analyzed. It was shown that when
the local resonance frequency coincides with the cut-on frequency of the periodic
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bandgap, a wider bandgap interrupted by a narrow passband is obtained. The existence of
this passband was confirmed using finite element simulations.
7.2

Recommendations for future research

The focus of this thesis was the dynamic behavior of sandwich beams with resonators
embedded inside the sandwich core. Due to the ease of manufacturing, sandwich beams
with foam cores were used to perform the experiments. However, many various cores are
currently available for use in the market. The most common cores in use are the
honeycomb cores. An interesting extension of this research would be to study the
insertion of resonators in honeycomb cores. Would it be possible to utilize the space
provided by the honeycomb construction to insert resonators? How would the pattern of
insertion affect the bandgap? In the present analysis only the one-dimensional problem
was considered. This can be expanded to two and also three dimensions.
It has been demonstrated that the insertion of resonators is useful in attenuation of
flexural waves. The through-thickness propagation of compression waves is another
aspect of the sandwich beam behavior which deserves consideration. Blast induced
compression waves in conventional sandwiches is an important present problem. Can
insertion of resonators help improve the compression behavior of sandwich structures?
Further, only one local resonance frequency was considered for analysis. In order to
attenuate broad band loads, sandwich beams with multiple local resonance frequencies
may be designed. Firstly, it is required to check if the addition of multiple resonators has
an effect on their individual bandgaps or is the dispersion behavior simply a
superposition of their individual bandgaps. Insertion of multiple resonators adds multiple
periodicities within the same system and the effect of these periodicities needs to be
understood.
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Appendix A

MATLAB Codes

Matlab code to calculate the frequency response functions from gathered experimental
data:

function [H1,H2, H3,COH]=SFRF(input)
d=1000;
%No of data points each iteration
t=input(1:d,1);
%time vector
dt=input(2,1);
%time step
k=300;
% Number of averages
for i=1:k
n(i)=i-1;
force(:,i)=input(1+d*n(i):d+(d*n(i)),2); %Force signal
accl(:,i)=input(1+d*n(i):d+(d*n(i)),3); % Accelerometer signal
w_gen(:,i)=input(1+d*n(i):d+(d*n(i)),4); % Waveform generator signal
M=length(t);
w=.5*(1-cos(2*pi*(1:M)'/(M+1)));
%A Hanning window
f(:,i)=force(:,i).*w.*88.96;
%Calibration and windowing of force transducer
voltage signal
a(:,i)=accl(:,i).*w.*100.1;
%Calibration and windowing of accelerometer
signal
r(:,i)=w_gen(:,i).*w;
%Windowing of reference signal
fs=1/dt;
N=1028*2;
F(:,i)=dt*fftshift(fft(f(:,i),N));
%FFT of force signal
A(:,i)=dt*fftshift(fft(a(:,i),N));
%FFT of accl signal
R(:,i)=dt*fftshift(fft(r(:,i),N)); % FFT of refernce signal
freq=(-length(F)/2:length(F)/2-1)'*fs/length(F); %Frequency vector
%%%Calculation of cross and auto power spectrums%%%%
Sifa(:,i)=F(:,i).*conj(A(:,i));
Siaf(:,i)=A(:,i).*conj(F(:,i));
Siaa(:,i)=A(:,i).*conj(A(:,i));
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Siff(:,i)=F(:,i).*conj(F(:,i));
Sira(:,i)=R(:,i).*conj(A(:,i));
Sirf(:,i)=R(:,i).*conj(F(:,i));
end
%%%%Averaging of the data %%%%%%%%
Sfa=mean(Sifa,2);
Saf=mean(Siaf,2);
Saa=mean(Siaa,2);
Sff=mean(Siff,2);
Sra=mean(Sira,2);
Srf=mean(Sirf,2);
%%%% Calculation of the frequency response and coherence %%%%
H1=Sfa./Sff;
H2=Saa./Saf;
H3=Sra./Srf;
COH=(Saf.*Sfa)./(Saa.*Sff);
%%% Plotting the result %%%
figure(1)
plot(freq,(abs(H3)),'r')
axis([0 1000 0 (max((abs(H3))))])
figure(2)
plot(freq,COH)
axis([0 1000 0 1.1])
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Matlab code to evaluate effective Timoshenko beam properties and to calculate the
propagation constant using phased array method:
%Beam with Aluminum 6061 facesheet %
Ef=90*10^9; %Young's modulus of the facesheet (Pa)
hf=0.001;
%thickness of facesheet (m)
rhof=2700;
%Density of facesheets (Kg/m^3)
rhoc=50;
%Density of core (Kg/m^3)
hc=0.025;
%Thickness of core (m)
b=0.025;
%Width of beam (m)
Gc=1*10^6; %Shear modulus of core (Pa)
%%% Resonator parameters %%%
m1=0.025;
%Mass of resonators (Kg)
a=0.02;
%Unit cell length (m)
d=a;
fr=500;
%Local resonance frequency (Hz)
k1=4*pi^2*fr1^2*m1;
%Spring stiffness
s1=k1;
w0=sqrt(2*k1/m1);
%%Effective Timoshenko parameters%%
EI=Ef*b*(hc^2*hf/2+hc*hf^2);
GA=Gc*b*(hc);
rhoA=2*rhof*b*hf+rhoc*b*hc;
rhoI=rhof*b*(hc^2*hf/2+hc*hf^2)+rhoc*b*hc^3/12;
EA=Ef*b*(hc+2*hf);
c=2*pi;
j=sqrt(-1);
%%%Dispersion curves for a general Timoshenko beam%%%
for i=1:2000
w(i)=(2*pi*i);
A1(i)=GA*EI.*i./i;
A2(i)=-(GA*rhoI*(w(i).^2)+EI*rhoA*(w(i).^2));
A3(i)=(rhoI*(w(i).^2)-GA).*rhoA.*(w(i).^2);
y1(i)=(-A2(i)+sqrt((A2(i).^2)-4.*A1(i).*A3(i)))./(2*A1(i));
y2(i)=(-A2(i)-sqrt((A2(i).^2)-4.*A1(i).*A3(i)))./(2*A1(i));
k1(i)=sqrt(y1(i));
k2(i)=sqrt(y2(i));
ks(i)=w(i).*sqrt(rhoA./GA);
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%%% PHASED ARRAY METHOD %%%
t(i)=s-((s^2./(s-m*w(i).^2)));
a1(i)=(1./(2*j*GA)).*(k1(i)./(ks(i).^2)).*((k2(i).^2-ks(i).^2)./(k2(i).^2-k1(i).^2));
a2(i)=(-1./(2*j*GA)).*(k2(i)./(ks(i).^2)).*((k1(i).^2-ks(i).^2)./(k2(i).^2-k1(i).^2));
B12(i)=1;
B22(i)=(((Kt(i).*j.*(a1(i).*sin(k1(i).*d)+a2(i).*sin(k2(i).*d))))+(cos(k2(i).*d)+co
s(k1(i).*d)));
B32(i)=(cos(k1(i).*d).*cos(k2(i).*d))+j.*Kt(i).*(a1(i).*sin(k1(i)*d).*cos(k2(i).*d)
+a2(i).*sin(k2(i).*d).*cos(k1(i).*d));
y12(i)=(-B22(i)+sqrt((B22(i).^2)-4.*(B12(i).*B32(i))))./(2.*B12(i));
y22(i)=(-B22(i)-sqrt((B22(i).^2)-4.*(B12(i).*B32(i))))./(2.*B12(i));
mu1p(i)=acos(y12(i));
mu2p(i)=acos(y22(i));
kz1(i)=real(mu1p(i))/d;
kz11(i)=abs(imag(mu1p(i))/d);
kz2(i)=real(mu2p(i))/d;
end
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Appendix B

ABAQUS Input Files

Input file for a Timoshenko beam with meshed cross-section subjected to an input force.
*HEADING
*PREPRINT,ECHO=YES,HISTORY=YES,MODEL=YES,CONTACT=YES
*NODE
1,
0.0,0.0,0.0
733, 1.83,0,0.0,0.0
*NGEN
1,733,1
*NSET,NSET=BOT,GENERATE
1,733,1
**
**
*NSET,NSET=IP
570, ,
*NSET,NSET=Boundary
11, 723
*NSET, NSET=OP1
153
**********************************************************
**
*ELEMENT,TYPE=B21,ELSET=EBOT
1,1,2
*ELGEN,ELSET=EBOT
1,732,1,1
**
*ELSET, ELSET=OP2
153
**
*ELEMENT,TYPE=MASS,ELSET=EMASS1
60011,11
*ELGEN,ELSET=EMASS1
60011,72,10,10
**
*MASS,ELSET=EMASS1
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0.023
**
**
*BEAM GENERAL SECTION, ELSET=EBOT,SECTION=MESHED
0.0,0.0,-1.0
92973660,3.7501e3, , ,
0.3363,1.7318e-4, , ,
*TRANSVERSE SHEAR STIFFNESS
3.10362e+04,
*DAMPING, ALPHA=0.0, Beta=0.0
*SECTION POINTS
1, 153, 1
68.9e9,23e6,23e6,0,0,2.7e-2, -2.7e-2,0
**
**
*Amplitude, name=IMPULSE
0.,0.,0.0147, 0.,0.015,-45.20884368,0.0153,-135.6260866,0.0156,-338.8045521,0.0159,278.0330553,0.0162,-187.6158124, 0.0165,-149.1887397, 0.0168,-119.8029913,0.0171,90.41724292,0.0174,-67.81282108,0.0177,-51.98972579,0.018,-42.9484015,0.0183,29.38574839,0.0186,-9.041768736,0.0189,2.260442184,0.0192,0.,0.0195,0.,0.0198,0.,0.0201,0.
**
**
** BOUNDARY CONDITIONS
** Name: BC-1 Type: Symmetry/Antisymmetry/Encastre
*Boundary
Boundary, PINNED
**
** ---------------------------------------------------------------**
** STEP: Step-1
**
*Step, name=Step-1, nlgeom=NO
*Dynamic, Explicit, element by element
, 0.1
*Bulk Viscosity
0.0, 0.0
**
** LOADS
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**
** Name: Load-1 Type: Concentrated force
*Cload, amplitude=Impulse
IP, 2, 1.
**
** OUTPUT REQUESTS
**
*Restart, write, number interval=1, time marks=NO
**
** FIELD OUTPUT: F-Output-1
**
*Output, field, number interval=1, time marks=YES
*Node Output
U
**
** HISTORY OUTPUT: H-Output-1
**
*Output, history, frequency=1
*Element Output, elset=OP2
1,
E11
*End Step
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